
4 Poisson Distributions

In this chapter we look at a second family of probability distributions, Poisson distributions.

Poisson distributions are the appropriate probability model for certain types of experiments.

There is an interesting relationship between binomial distributions and Poisson distributions,

and this relationship provides a way to approximate some binomial probabilities that are very

difficult to compute directly.

4.1. THE NATURE OF POISSON DISTRIBUTIONS

Many scientific experiments involve the random sampling of one or more fixed time intervals,

lengths, areas, volumes, or other sampling units, and then observing the number of discrete

events per sampling unit. For example, a forester might count the number of white-oak trees

damaged by deer within sampling quadrants (square areas); an epidemiologist might count the

number of new cases of hepatitis in a certain county in one month; a quality control manager

might count the number of defects in 25-ft lengths of wire; an ecologist might count the

number of parasites per host. In each case the event of interest (damaged white oak, incidence

of disease, defect, parasite) is counted for a certain sampling unit (a quadrant, a month, 25 ft,

per host).

The outcomes in experiments of this type often have the characteristics of a Poisson

process. This process is named after Siméon-Denis Poisson (1781 to 1840), a French

mathematician who first studied variables of this type in 1837.

A Poisson process consists of discrete events that occur per unit (such as time, length, area,

volume, or on an object) and for which:

1. The probability of a single occurrence of the event is directly proportional to the size of

the interval, or sampling unit.

2. If the sampling unit is sufficiently small, the probability of two or more occurrences of

the event is negligible.

3. The occurrences of the event in nonoverlapping intervals or units are independent, that

is, what happens in one sampling unit has no effect on what happens in another

nonoverlapping unit.

If an experiment generates a Poisson process and the units are randomly and independently

obtained, then the appropriate probability model for the number of occurrences of the event in

the specified sampling unit is a Poisson distribution. The Poisson distribution is a discrete
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probability distribution with probability function

p(y; l) ¼ e�l(l)y

y!

for y ¼ 0, 1, . . . . In this probability function y is the value of the random variable, y! has the

usual meaning of y factorial, e is the constant which is the base of the natural logarithms†

(equal to 2.7183 if rounded to four decimal places), and l (the Greek letter “lambda”) is the

expected number of occurrences in the specified interval. Table A.6 in the Appendix of Useful

Tables gives values of e 2l for selected values of l.
To draw statistical inference from data modeled by a Poisson process, the appropriate

Poisson probability distribution is needed. As with binomial data, we will rely primarily on

the Poisson probability distributions given in the tables in this text. However, it is important to

see how these tables can be constructed through the application of mathematical procedures to

the probability distribution function.

Note that this probability distribution is completely determined by the parameter l. If we
know l, we can compute the distribution, as in the following example.

Example 4.1. A Poisson Probability Distribution

Suppose a certain city has a variable number of suicides per month but the mean is 3 suicides

per month. A mental health scientist wants to study this phenomenon and decides to use a

Poisson distribution to model the distribution of suicide data. The sampling unit is one month;

y is the number of suicides in that month, and E(y) ¼ l ¼ 3.0. Then, to compute the

probabilities of different numbers of suicides in any specific month, the mental health scientist

will use the formula

p(y; 3) ¼ e�3ð3Þy
y!

for y ¼ 0, 1, 2, . . . .

For example, the probability that there will be 0 suicides in a randomly chosen month is

P(y ¼ 0) ¼ p(0; 3) ¼ e�3(3)0

0!

Since both (3)0 and 0! are each equal to l, p(0; 3) ¼ e�3, which can be found in Table A.6 as

0.0498. Similarly, the probability of exactly one suicide in a randomly chosen month is

P(y ¼ 1) ¼ p(1; 3) ¼ e�3(3)1

1!
¼ e�3(3)

Further computations for the distribution are simplified if it is noted that p(1; 3) ¼
p(0; 3)(3=1), p(2; 3) ¼ p(1; 3)(3=2), and in general the probability of any value y can be

computed easily from the previous value, y 2 1,

p(y; l) ¼ p(y� 1; l)
l

y

� �

†The irrational number e can also be defined as the limit of the series ð1þ 1=nÞn; that is, ð1þ 1=1Þ1 ¼ 2:0000;

ð1þ 1=2Þ2 ¼ 2:5000; ð1þ 1=3Þ3 ¼ 2:3704; . . . :
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The following table is computed in this manner:

y p(y;3)

0 e 23.30/0! ¼ e 23 ¼ 0.0498

1 e 23.31/1! ¼ p(0)(3/1) ¼ 0.1494

2 e 23.32/2! ¼ p(1)(3/2) ¼ 0.2240

3 e 23.33/3! ¼ p(2)(3/3) ¼ 0.2240

4 e 23.34/4! ¼ p(3)(3/4) ¼ 0.1680

5 e 23.35/5! ¼ p(4)(3/5) ¼ 0.1008

6 e 23.36/6! ¼ p(5)(3/6) ¼ 0.0504

7 e 23.37/7! ¼ p(6)(3/7) ¼ 0.0216

8 e 23.38/8! ¼ p(7)(3/8) ¼ 0.0081

9 e 23.39/9! ¼ p(8)(3/9) ¼ 0.0027

10 e 23.310/10! ¼ p(9)(3/10) ¼ 0.0008

11 e 23.311/11! ¼ p(10)(3/11) ¼ 0.0002

12 e 23.312/12! ¼ p(11)(3/12) ¼ 0.0001

13 e 23.313/13! ¼ p(12)(3/13) ¼ 0.0000

and p(y) ¼ 0.0000 (rounded to four decimal places) for y . 13.

Poisson probability distributions have some interesting properties. The expected value of y

is equal to l and the variance of y is also l, that is, E(y) ¼ V(y) ¼ l. Also, the sum of two

Poisson random variables is a Poisson random variable; thus, if y1 and y2 are Poisson random

variables with parameters l1 and l2, respectively, then y1 þ y2 is a Poisson random variable

with expected value l1 þ l2. Thus, if we make the sampling unit larger than one month and if

we can assume that the number of suicides in one month will be independent from those in

another, we can find the expected number of suicides in 2 months as E(y1) þ E(y2) ¼
3 þ 3 ¼ 6, and the expected number during the 3-month summer period (again making the

assumption of independence) will be 3(3) ¼ 9. Similarly, if the sampling unit is made smaller,

reducing it by half, for example, we can say that the expected number of suicides in the first

half of the month will be E(y/2) ¼ E(y)/2 ¼ 3/2 ¼ 1.5. These relationships are important

because we usually have a sample of more than just one Poisson random variable.

EXERCISES

4.1.1. The expected number of water mites found on a host, the chironomid fly, is 2.5 and this

is a Poisson process.

a. Are the sampling units water mites, or chironomid flies? Explain.

b. What is the probability that exactly 1 mite will be found on a fly?

4.1.2. If the accident rate at a certain factory is 7.0 per year and this is a Poisson process:

a. Find the probability that fewer than 3 accidents will occur in a year.

b. Find the probability that 3 or more accidents will occur in a year.

4.1.3. The expected number of flaws in 20-ft intervals of wire is 5.0.

a. What is the number of discrete events, feet or flaws?
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b. What is the expected number in a random 10-ft interval?

c. What is the probability that there will be 4 flaws in a random 10-ft interval?

4.1.4. In Example 4.1 in this section, involving the number of suicides per month:

a. What is the probability that no suicides will occur in a month?

b. What is the probability that more than 6 suicides will occur?

c. What percentage of months will have at least 1 suicide but not more than 6 suicides?

4.1.5. Additives such as trace minerals, antibiotics, vermifuges, and insecticides are

incorporated into animal feeds in parts per million (ppm). For effective mixing, the

additives may be compressed into pellets the size of the ground grain in the feed and

then colored with vegetable dye for easy identification. Quality control for

thoroughness of mixing can be maintained by scooping out a known volume of the

mixed feed and counting the number of colored pellets of additives. If properly mixed

feed yields a Poisson process with l ¼ 2.5 per scoop, find:

a. The probability that a scoop will contain no pellets of additive

b. The probability that a scoop will contain exactly 1 such pellet

c. The probability that a scoop will contain at least 1 pellet

d. The outcomes that are most likely to occur approximately 80% of the time

4.1.6. In the feed-mixing problem described in Exercise 4.1.5, suppose customary quality

control procedures require 10 independently drawn scoops from each batch of mixture.

In 10 scoops of properly mixed feed, find:

a. The expected total number of colored pellets

b. The probability that there will be no such pellets

4.1.7. a. Compute the Poisson distribution for each of the following values of l: 0.25, 0.50,
1.00, and 10.00. Round the probabilities to four decimal places.

b. Graph the Poisson distributions of part a.

c. Describe the behavior of the graphs of part b.

4.1.8. a. Use the probabilities in Exercise 4.1.7a for l ¼ 0.25 to find the expected value of

that Poisson distribution. Why is this value slightly different from E(y) ¼ l
¼ 0.25?

b. Use the probabilities computed in Exercise 4.1.7a and E(y) ¼ 0.25 to find V(y) for

that Poisson distribution. Why is this value slightly different from V(y) ¼ l
¼ 0.25?

4.1.9. If y1 and y2 are independent Poisson random variables with l ¼ 0.25, then y1 þ y2 is

a Poisson random variable with l ¼ 0.50. Use Exercise 4.1.7 to show that this is true

for y1 þ y2 ¼ 3. [Hint: Remember that y1 þ y2 ¼ 3 when y1 and y2 are respectively

(0 & 3), (3 & 0), (1 & 2), or (2 & 1).]

4.2. TESTING HYPOTHESES

Using Table A.7 in the Appendix, which contains the Poisson distributions for selected values

of l, we can test hypotheses with a procedure similar to the one we used for the binomial

distribution.
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Example 4.2. Test of Hypothesis for a Poisson Parameter

A biologist studying yeast cells believes that after a certain treatment the cells will be present

at a rate of 0.55 per square of a hemacytometer (a microscopic plate usually used to count

blood cells). He finds 13 yeast cells in 20 squares and wonders if 13/20 ¼ 0.65 indicates that a

rate of 0.55 is incorrect. To determine whether 13 cells in the 20 squares are likely to occur if

his conjectured rate is correct, he uses the Poisson distribution.

The null and alternative hypotheses are

H0: l ¼ 0:55

Ha: l = 0:55

Since the sum of two Poisson random variables is also a Poisson random variable, if

l ¼ 0.55 for one square, then l ¼ 20(0.55) ¼ 11 for 20 squares. Using Table A.7, the

biologist finds that for a as close to 0.10 as possible the region of rejection is

y ¼ 0, 1, 2, 3, 4, 5, 17, 18, 19, . . .

if the test statistic is the number of yeast cells per 20 squares. The actual a level is 0.0933. The

count is 13 yeast cells in 20 squares after this treatment, and since 13 does not lie in the region

of rejection, the biologist concludes that after the treatment the mean number of yeast cells per

square may be 0.55.

Statistical computer programs more often provide a P value rather than a region of

rejection, so it may be useful to see again how this probability is obtained and how it is

used to make a decision about the null hypothesis. In Example 4.2, E(y) ¼ 20(0.55) ¼ 11

yeast cells in 20 squares, and the observed value was y ¼ 13, which is 2 yeast cells different

from the number expected under the null hypothesis. Because the alternative hypothesis is

two sided, the P value measures the probability of a difference from E(y) of 2 or more in

either direction, so

P ¼ P(y � 9)þ P(y � 13) ¼ 0:3405þ 0:3113 ¼ 0:6518

A P value of 0.6518 is very large; hence a difference of this magnitude or even greater

could occur easily by chance when the null hypothesis is true. The P value would have to

be equal to or less than a ¼ 0.10 before we would decide the null hypothesis is false.

For small values of l the Poisson distributions have relatively large probabilities in the

lower tail, so it may be impossible to designate a small a level for a two-tailed alternative or

for a one-tailed less-than alternative hypothesis. The technique of using several units—such as

the 20 squares in the above example—helps overcome this difficulty.

Table A.7 lists a limited number of values of l, and the necessary one may not be there. If

l is not too large, the necessary probability distribution can be calculated. For large l’s
approximation methods are available; these are discussed in Chapter 7.

Procedure. Test of Hypotheses for a Poisson Parameter

Region of Rejection Method

H0: l ¼ l0 (l ¼ expected number of occurrences in a specified interval)
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Ha: l = l0, l , l0, or l . l0
Significance level: a

Test statistic: y, the number of occurrences of the phenomenon of concern in a multiple of k

specified sampling units.

Using a table for the Poisson distribution with probability function p(y; l0k), determine the

region of rejection.

ForHa: l = l0, the region of rejection is 0 � y � cL and cU � y � 1 such that
PcL

0 p(y; l0k)
and

P1
cU
p(y; l0k) are each as close as possible to a/2.

For Ha: l , l0, the region of rejection is 0 � y � cL such that
P1

0 p(y; l0k) is as close as

possible to a.
For Ha: l . l0, the region of rejection is cU � y � 1 such that

P1
cU
p(y; l0k) is as close as

possible to a.

P-Value Method

For Ha: l = l0, compute P ¼ P(jy 2 l0kj � j test statistic 2l0kj).
For Ha: l . l0, compute P ¼ P(y � test statistic).

For Ha: l , l0, compute P ¼ P(y � test statistic).

Reject H0 if P � a.

EXERCISES

4.2.1. A physicist wants to verify whether a radioactive substance has a level of radioactivity

equal to 4 radioactive particles emitted per millisecond. He measures the radioactivity

with a Geiger counter, and it records 18 particles in 3 msec.

a. What is the expected number of radioactive particles per 3 msec?

b. Compute the P value for an observed value this far or even farther from the number

expected in 3 msec.

c. Using an a of 0.05, make a test of hypothesis to determine if the radioactivity level

is significantly greater than expected.

4.2.2. A certain area of the United States has a rate of 4.5 tornadoes per year. A local religious

cult claims that its rituals can reduce this rate. The cult members conduct their rituals

and that year 2 tornadoes hit. Use a test of hypothesis with a as close to 0.10 as possible

to determine if the rate is significantly less than 4.5 per year. What assumptions are you

making as you perform this test?

4.2.3. A hospital emergency center handled victims of automobile accidents at the rate of 10

per week when the local highway had a speed limit of 70 miles per hour. After the

speed limit was reduced to 55 miles per hour, 4 highway accident victims were

admitted in a randomly selected week. Does this indicate a reduction in emergency

admissions for automobile accidents? Could you conclude that lowering the speed limit

has reduced highway accidents? Why or why not?

4.2.4. Grain sorghum is a naturally tall-growing plant, but dwarf varieties have been

developed so that the crop can be harvested with conventional farm equipment.

However, back mutation occurs frequently and tall offspring reappear in a field with an

expected value of 1.5 tall plants per 200 ft2. With each development of a new grain

sorghum hybrid, plant breeders must satisfy the farmer that the amount of back

mutation has not increased. A hybrid seed company has many experimental hybrids
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under consideration at a time, and it decides to allot only three 200-ft2 plots per hybrid.

Set up a test of hypothesis for the amount of back mutation.

a. Give the null hypothesis for 3 plots.

b. Give the alternative hypothesis.

c. Give the region of rejection for a as close to 0.05 as possible.

d. Suppose that for a particular hybrid the back mutation doubles to la ¼ 3.0 per

200 ft2; what is the power of the test for 3 plots?

e. What is the power for la ¼ 3.0 if only 1 plot is used? Is it advisable to use more than

1 plot?

4.2.5. The rarest white blood cell is the basophil, which constitutes only 1% of the total white

blood cells. Students who are learning to perform white blood cell counts are inclined to

mistake other cells for basophils until they have seen them often enough to recognize

them. Thus a student’s proficiency in performing differential white blood cell counts can

be tested by checkingwhether toomany cells have been recorded as basophils. This can be

thought of as a Poisson process in which the interval is a count of 100 white blood cells.

a. State a null hypothesis indicating that the student can accurately identify the

different kinds of white blood cells.

b. State an alternative hypothesis indicating that the student mistakes other cells for

basophils.

c. The instructor decides that any student who records 4 or more basophils per 100

cells counted cannot yet distinguish these cells properly. How likely is it that a

student will record cells correctly but have an unusual random sample of cells?

d. The frequency of basophils increases after surgery. Suppose the student is counting

white blood cells from a blood smear taken under such conditions and l ¼ 2.4 per

100 cells. How likely is it that fewer than 4 basophils are among the 100 cells

counted? Should the instructor take precautions that the students are not using blood

smears from postoperative patients?

4.2.6. A new synthetic surface has been placed on a university football field, and the team’s

physician wants to decide whether it has had any effect on the number of knee injuries

suffered in a game. Since he has been with the team, it has experienced a mean of

l ¼ 0.7 knee injuries per game.

a. If the new surface has no effect, what is the expected number of knee injuries in the

first 5 games on the new surface?

b. State a null and alternative hypothesis.

c. Suppose that there are a total of y ¼ 7 knee injuries in the first 5 games, how likely

is a deviation from expected of this magnitude or greater to occur by chance?

d. If the team’s physician sets a ¼ 0.10, what should he conclude about the effect of

the new surface on knee injuries?

e. What caveats about the design should be taken into account when the conclusion is

being drawn?

4.3. ESTIMATION

The best point estimate of the Poisson parameter l is y, the number of occurrences of the event

of interest in a randomly selected sampling unit. If several units are sampled, the total number
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of occurrences is the best estimate for the combined units. Central and one-sided confidence

intervals can be found in a manner similar to finding confidence intervals for the binomial

parameter p. Table A.7 in the Appendix is used to find the confidence intervals for the Poisson
parameter. Because of the relatively large probabilities for low values of y, the horizontal lines

in Table A.7 are drawn so that a is as close to 0.20 as possible; thus these lines correspond to

approximate 80% central confidence intervals.

Example 4.3. A Central Confidence Interval for a Poisson Parameter

Foresters are concerned about the number of young trees destroyed by deer. Suppose a

forester chooses 4 quarter-acre quadrants at random and finds that in the four plots 8 young

trees have been destroyed by deer. She wants to estimate the damage rate per acre by an

approximate 80% confidence interval.

Using Table A.7, she finds that 8 is in the region of acceptance for l ¼ 5.0 to l ¼ 12.0, so

the confidence interval is

CI0:80: 5:0 � l � 12:0

in which l is the damage rate per acre.

The upper and lower bounds on the confidence interval are limited to column entries in Table

A.7 so, as was done with the binomial distribution, another table, Table A.8, is given for

obtaining more precise upper and lower limits for the confidence interval. Using the same data

above, the forester would enter Table A.8 with row entry y ¼ 8 and column entry 1 2 a ¼ 0.80;

she would find L ¼ 4.6561 and U ¼ 12.9947, and she obtains the confidence interval

CI0:80: 4:7 , l , 13:0

This confidence interval expresses the expected number of damaged trees on a per-acre basis;

if she wishes to return it to a per- (quarter-acre) quadrant basis, she divides the upper and lower

limits by k ¼ 4 and obtains

CI0:80: 1:2 , l , 3:2

The greatest row entry for Table A.8 is y ¼ 20, and this may not be sufficiently large for

some estimates of l. However, this problem will be addressed in Chapter 7, where it will be

seen that when l is large another distribution can be used to approximate the Poisson

distribution.

One-sided confidence intervals can also be determined.

Example 4.4. A One-Sided Confidence Interval for a Poisson Parameter

The architect for a new hospital in a small city needs to know the maximum number of

emergency cases that can be expected in a half-hour period in order to plan adequate facilities.

He examines the records at the existing city hospital, which is being replaced; a random

selection of 10 half-hour periods gives a total of 6 emergency cases. He can use Table A.7 to

find an approximate 90% one-sided confidence interval:

One-sided CI0:90: l � 9:0
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if l is for a 5-hour period because 9.0 is the largest value of l for which 6 would be in the

region of acceptance. Or he could write

One-sided CI0:90: l � 0:90

if l is for a half-hour period.

The one-sided confidence interval indicates that the largest expected value of the Poisson

distribution that is likely is 0.90; that is, the largest mean number of cases in a 30-minute

period is 0.90. Since 0.90 is the mean, some of the 30-minute periods will have more cases and

others less. Since the number of cases in a 30-minute period will usually be within two

standard deviations of the expected value l and in a Poisson distribution l ¼ V(y), the

architect can prepare for the worst situation,

l ¼ V(y) ¼ 0:90

sd(y) ¼
ffiffiffi
l

p
¼ 0:95

and the largest number of cases is not likely to be more than

lþ 2sd(y) ¼ 0:90þ 2(0:95) ¼ 2:80

To be safe, he plans to be able to accommodate 3 cases each half hour.

Procedure. Confidence Intervals for l

Central

1. Specify a.

2. Take a sample of k sampling units.

3. Observe y, the number of occurrences of the phenomenon of interest in the k units.

4. Give the interval of all values of l for which y would fall in the region of acceptance

for a two-sided a-level test from Table A.7 (or use Table A.8 to get the interval

directly).

5. Divide the confidence limits by k to determine the central confidence interval for the

rate l for intervals of the specified unit.

One-Sided, Upper Confidence Limit

Proceed as for a central confidence interval, but in step 4 use the region of acceptance for a

one-tailed less-than test of hypothesis in Table A.7 (or double a and use only the upper limit in

Table A.8).

One-Sided, Lower Confidence Limit

Proceed as for a central confidence interval, but in step 4 use the region of acceptance for a

one-tailed greater-than test of hypothesis in Table A.7 (or double a and use only the lower

limit in Table A.8).
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EXERCISES

4.3.1. If 3 noxious weeds are found in a 0.25-oz random sample of grass seed, use the Poisson

probability distribution to find an 80% confidence interval for the expected number of

weeds per 0.25 oz of seed. (Note that using the Poisson model here avoids the necessity

of counting all the seeds, a tedious task.) Compare the intervals obtained from

Tables A.7 and A.8.

4.3.2. If 8 defects are found in a production process during a random 5-minute interval,

find with 90% of confidence the largest mean number of defects that could be

expected to occur in a 5-minute period. Compare the intervals obtained from Table

A.7 and A.8.

4.3.3. It is found that there are 6 fatal accidents in an underground coal mine for a sample of

20,000,000 employee hours of exposure. Place an approximate 80% confidence

interval on the Poisson parameter if the interval is 100,000 employee hours.

4.3.4. In the quality control process described in Exercise 4.1.5, place an approximate 90%

confidence interval on the smallest mean number of pellets expected in 1 scoop if 7

pellets are found in 4 random scoops.

4.3.5. Sir Francis Galton (1822 to 1911), one of the early developers of experimental

statistics, believed everything could be measured, even boredom. His measure of

boredom was a Poisson statistic, the number of signs of unrest that an individual

would show per minute. Suppose a student wants to measure how boring a classmate

finds the statistics class, so he counts the number of times she yawns, fidgets, looks

at her watch, and so on, during 16 half-minute intervals of observation, and the total

is 10.

a. With regard to this survey:

i. Why must the friend be unaware that her behavior is being observed?

ii. Why can the time of observation not be for 8 consecutive minutes?

iii. Is it valid to assume that E(l) remains constant throughout the class period?

b. Place an 80% confidence interval on the number of signs of boredom she shows per

minute.

c. Do you think a survey of this nature is valid? Ethical?

4.3.6. Suppose the data on trees destroyed by deer in Example 4.3 had been obtained by

sampling a 100-acre forest.

a. What is the estimated number of young trees destroyed by deer in the entire forest?

b. Set an upper 90% confidence limit for this estimate to get an upper bound for the

total number of trees destroyed in the entire forest.

4.4. POISSON DISTRIBUTIONS AND BINOMIAL DISTRIBUTIONS

Besides being useful in its own right, the Poisson distribution is often used as an

approximation of the binomial distribution if the number of trials n is large and the probability

of success on a single trial p is small. The approximation is possible because it can be shown

mathematically that, if p becomes very small while n becomes very large and the product np
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remains constant, then the binomial distribution will be approximately a Poisson distribution

with l ¼ np and the Poisson sampling unit the set of n trials.

Example 4.5. Using a Poisson Distribution to Approximate a Binomial Distribution

A geneticist believes that in a certain experiment the mutation rate is 4 in 1,000,000. She

would like to find the probability that in a random sample of 25,000 she will observe no more

than one mutation. This experimental situation is appropriately modeled by the binomial

distribution b(y; 25,000, 0.000004) and she wants to compute

P(y � 1) ¼ b(0; 25,000, 0:000004)þ b(1; 25,000, 0:000004)

¼ 25,000

0

� �
(0:000004)0(0:999996)25,000

þ 25,000

1

� �
(0:000004)1(0:999996)24,999

This computation is not feasible directly, and logarithms or a calculator with a y x function

would have to be used to compute an approximate answer.

Instead, the geneticist could approximate this probability by using a Poisson distribution.

The Poisson parameter would be l ¼ np ¼ 25,000(0.000004) ¼ 0.100000; that is, the

expected number of mutations per 25,000 trials is 0.1. For the Poisson distribution

P(y � 1) ¼ p(0; 0:1)þ p(1; 0:1)

¼ e�0:1(0:1)0

0!
þ e�0:1(0:1)1

1!

¼ 0:904837þ 0:904837(0:1)

¼ 0:995321

Using this very simple computation, the geneticist can be relatively certain that in a random

sample of size 25,000 she will observe no more than one mutation.

This approximation of the binomial distribution by the Poisson distribution is good only

for small p and large n. Some statisticians suggest as a rule of thumb that l ¼ np should be

less than 7.

Procedure. Poisson Approximation of a Binomial Distribution

For np , 7, a binomial distribution may be approximated by a Poisson distribution: b(y; n, p)
is approximated by p(y; np).

It is important that we recognize the difference between a Poisson distribution and a

binomial distribution so that we use the proper one to model an experiment and so that we

know when it is appropriate to approximate a binomial by a Poisson. The following summary

may be helpful:
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Binomial Poisson

1. Random variable:

y ¼ number of successes in n trials

1. Random variable:

y ¼ number of successes in a specified

sampling unit

2. Number of trials:

n, a finite number

2. Number of trials:

infinite, since we count discrete events

(successes) in a unit

3. Two parameters:

p ¼ probability of success for a single

trial

n ¼ number of trials

3. One parameter:

l ¼ mean number of successes per

sampling unit

4. E(y) ¼ np
V(y) ¼ np (1 2 p)

4. E(y) ¼ V(y) ¼ l

EXERCISES

4.4.1. If it is known that the probability of having a bad reaction to a certain injection is 0.001,

what is the probability that more than 1 person in 100 will have a bad reaction?

4.4.2. If the rate of accidental drownings per year is 0.000003 (i.e., 3 per 1,000,000

population), what is the probability that there will be more than 2 drownings in a city

with a population of 400,000?

4.4.3. Amanufacturer ofTVsets initiates an inspection system to reduce the number of defective

sets leaving the plant. Prior to this system the proportion of defective setswas 1 in 80.After

the new system is in effect, in a random sample of 320 sets there are 2 defective sets. Use a

test of hypothesis to decide if the proportion of defects has been reduced.

4.4.4. Suppose routine blood typing for 400 army recruits reveals that 6 of them have AB-

negative blood.

a. What assumptions would you have to make for this to be considered a random

sample of army personnel? Of the entire country?

b. Place an approximate 80% confidence interval on the proportion with AB-negative

blood among army recruits.

c. Assuming it can be justified, place an approximate 80% confidence interval on the

proportion of those with AB-negative blood in the entire country.

4.4.5. Fish and game commissions measure the hunting pressure on large game in their states

by taking random samples of hunters and recording their successes during the hunting

season. The following data record the number of white-tailed deer taken by a random

sample of 50 Texas deer hunters:

Number of

Deer Killed Hunters

0 45

1 4

2 1
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Because the fish and game commission wishes to protect against overhunting, place an

approximate 90% of confidence interval on the largest mean number of deer taken per 50

hunters in the state.

REVIEW EXERCISES

Decide whether each of the following statements is true or false. If the statement is false,

explain why.

4.1. In a Poisson distribution, E(y) ¼ np and V(y) ¼ np (1 2 p).

4.2. Poisson data consist of discrete, countable observations.

4.3. Because E(y) is usually small for a Poisson distribution, a relatively large number of

sampling units is needed to estimate l effectively.

4.4. A unique characteristic of Poisson distributions is that for any specified distribution the

expected value will be numerically greater than the variance.

4.5. The Poisson distribution is sometimes called the “distribution of rare events” and hence

is seldom encountered in experimentation.

4.6. The shape of a Poisson frequency distribution is symmetrical around its expected value.

4.7. In testing a hypothesis about the Poisson parameter, the alternative hypothesis may be

one tailed or two tailed.

4.8. Confidence intervals for a Poisson parameter are symmetrical around the point

estimate y.

4.9. There is a separate Poisson distribution for every value of l and n.

4.10. The Poisson distribution can always be used to approximate the probabilities of a

binomial distribution.

4.11. Because l is usually small, small values of y are much more probable than large values

when sampling from a Poisson distribution.

4.12. The power of a test of hypothesis for the Poisson parameter is increased as the number

of units sampled is increased.

4.13. Because the random variable y can be an integer value between 0 and infinity, the

Poisson distribution is a continuous probability distribution.

4.14. A characteristic of the Poisson distribution is the relationship p(y; l) ¼ p(y 2 1; l)
(l/y).

4.15. The mean and standard deviation of the Poisson distribution are both l.

4.16. If certain conditions are met, arithmetic can be simplified by using the binomial

distribution to approximate the Poisson.

4.17. If there is only one sample unit, y is the best point estimate of the Poisson parameter.

4.18. The Poisson parameter must be a positive value.

4.19. One may have a countable number of discrete events which occur in a specified

sampling unit but still not have a Poisson process.

4.20. p(0;l) ¼ e 2l.
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