
3 Binomial Distributions

In many experiments and surveys in which the variable of interest is being recorded at the

nominal level, there are only 2 possible values or outcomes for the variable. For example, a

salesman either makes a sale or does not make a sale, a newborn child is either a girl or a boy,

and an insecticide may kill an insect or fail to kill it. Under certain conditions, samples

involving dichotomous variables of this type can be represented by a theoretical probability

distribution called a binomial distribution, binomial because of the two possible outcomes. In

this chapter we look at the statistical interpretation of experimental results that can be

modeled by binomial distributions.

3.1. THE NATURE OF BINOMIAL DISTRIBUTIONS

The population of human beings can be classified as “having type O blood” or “not having

type O blood.” There is no way that we can get exact information about the entire population,

since this group is so large. It has been estimated that the proportion of people with type O

blood is 0.40. Assume that the estimate is correct. If we observe a single person selected at

random, the probability that the person will have type O blood is 0.40 and the probability that

the person will not have type O blood is 0.60.

Now let us imagine that a large metropolitan hospital has a list of several thousand people

willing to donate blood. If 4 people are chosen at random from the list, how likely is it that

none have type O blood? One has type O? Two? Three? Four?

We first list the different possible outcomes for a sample of 4 people. Let O mean that a

person has type O blood, and let N mean that the person does not have type O blood. The

sequence of symbols indicates the results in the order in which they occur in the experiment,

so NNON is a different outcome from ONNN.

Number with

Type O Blood Possible Outcomes

0 NNNN

1 ONNN NONN NNON NNNO

2 OONN ONON ONNO NOON NONO NNOO

3 NOOO ONOO OONO OOON

4 OOOO

When we ask a question like “How likely is it that 2 persons out of 4 have type O blood?”

we have shifted our focus from the underlying variable of blood type (O or not-O) on the
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nominal scale to a count that is on the discrete numerical scale. Since it is numerical, the count

can be thought of as a random variable, and we are looking for the probability distribution of

this discrete random variable. We have already seen an example like this in the baby cereal

preference study (Example 1.7 and Section 2.4), except in that case the probabilities were all

equal.

Since not all of the 16 outcomes in this example are equally likely, to find the probabilities

associated with 0, 1, 2, 3, and 4, we must use binomial probability rules based on the

probability rules discussed in Chapter 1.

Binomial Probability Rules

1. If p is a probability, 0 � p � 1.

2. If A and �AA are two mutually exclusive events that together include all possible

outcomes, then P(A)þ P( �AA) ¼ 1. [Two events A and B are mutually exclusive if they

are nonoverlapping, that is, if P(AB) ¼ 0.]

3. Addition Rule. The probability of a specified outcome is the sum of the probabilities of

the mutually exclusive events making up that outcome.

4. Multiplication Rule. The probability of an event that is the simultaneous occurrence of

two or more independent events is the product of the probabilities of the events. [Two

events A and B are independent if the occurrence or nonoccurrence of A has no effect on

the probability of B and vice versa.]

We already used the second rule when we stated that P(N) ¼ 0.60. We reasoned that

P(N) ¼ 1 2 P(O) ¼ 1 2 0.40 ¼ 0.60. Now we find that the probability of zero out of four

having type O blood is

p(0) ¼ P(NNNN) ¼ ½P(N)�4 ¼ (0:60)4 ¼ 0:1296

and the probability that 1 out of 4 will have type O blood is

p(1) ¼ P(ONNN or NONN or NNON or NNNO)

¼ P(ONNN)þ P(NONN)þ P(NNON)þ P(NNNO)

¼ (0:40)(0:60)3 þ (0:60)(0:40)(0:60)2 þ (0:60)2(0:40)(0:60)þ (0:60)3(0:40)

¼ 4(0:40)(0:60)3 ¼ 0:3456

In a similar way, we find that

p(2) ¼ 6(0:40)2(0:60)2 ¼ 0:3456

p(3) ¼ 4(0:40)3(0:60) ¼ 0:1536

p(4) ¼ (0:40)4 ¼ 0:0256

In summary, for this example the probability distribution is as appears in Figure 3.1. The

discrete random variable with values 0, 1, 2, 3, 4 represents the number of people with type O

blood in a random sample of 4 people, and p(y) is the probability function of y. This

probability distribution is called a binomial probability distribution. Note that a binomial

probability distribution is a model of an experiment with only 2 possible outcomes. We
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concentrate on one of the outcomes, type O blood, and count the number of occurrences

(successes) in the sample. The probability of type O blood does not change from observation

to observation,† and the observations are independent of each other. We call such a survey or

experiment a binomial experiment.

A binomial experiment is an experiment in which

1. there are only 2 possible outcomes, success S or failure F, with P(S) ¼ p and

P(F) ¼ 1 2 p ;

2. the experiment is repeated n times, that is, there are n trials;

3. P(S) ¼ p is constant from trial to trial;

4. the trials are independent of each other; and

5. we are interested in y, the number of successes, with y ¼ 0, 1, 2, . . . , n.

The probability of success p is called the binomial parameter. A parameter is a numerical

characteristic of a population and the distribution which is used to model random sampling

from the population. In the blood-type example, p ¼ 0.40 is the proportion of the population

with type O blood. The parameter p also specifies the theoretical model for the experiment,

the binomial distribution with n ¼ 4 trials and P(S) ¼ p ¼ 0.40.

In the seventeenth century, members of the Bernoulli family found a formula to calculate

the binomial distribution for any number of trials and any probability of success. Before

examining their formula, it may be best to explain the notation that occurs in it.

The symbol pymeans (p)(p) � � � (p), that is, the product when p is used as a factor y times.

For example,

3

4

� �5

¼ 3

4

� �
3

4

� �
3

4

� �
3

4

� �
3

4

� �
¼ 243

1024

FIGURE 3.1. The binomial distribution with n ¼ 4, p ¼ 0.40.

†Each time we remove a person from the population the probability of type O blood does in fact change slightly.

However, since we are selecting only 4 people from several thousand, the changes are negligible.
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Similarly,

ð1� pÞn�y ¼ ð1� pÞð1� pÞ � � � ð1� pÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
n�y times

so that

1� 3

4

� �7�5

¼ 1

4

� �
1

4

� �
¼ 1

16

The symbol
n

y

� �
is read “the number of combinations of n things taken y at a time.” For

example, if there are 4 slips of paper marked A, B, C, and D in a box and 2 slips are drawn at

random, the possible combinations are

AB, AC, AD, BC, BD, CD

In this case
4

2

� �
¼ 6. We are not interested in which letter is drawn first, so AB and BA are

the same combination.

The symbol
n

y

� �
can also be applied to the blood-type example. Here

4

2

� �
means the

number of different places that two O’s can appear in a sequence of 4 symbols, that is, we are

picking 2 positions out of the 4 possible positions. If first, second, third, and fourth are the

positions, O can occur

1st and 2nd 1st and 3rd 1st and 4th

2nd and 3rd 2nd and 4th 3rd and 4th

or

OONN ONON ONNO

NOON NONO NNOO

In general,

n

y

� �
¼ n!

y!(n� y)!

where n! ¼ n(n 2 1)(n 2 2) � � � (2)(1), and n! is read “n factorial.” Some examples are

4

2

� �
¼ 4!

2!(4� 2)!
¼ 4 � 3 � 2 � 1

(2 � 1)(2 � 1) ¼ 6

and

4

0

� �
¼ 4!

0!(4� 0)!
¼ 4 � 3 � 2 � 1

1(4 � 3 � 2 � 1) ¼ 1

because 0! ¼ 1 by definition.

Table A.2 in the Appendix of Useful Tables is a table for n!, and Table A.3 is a table for

n

y

� �
, the binomial coefficients. It should be noted that

n

y

� �
¼ n

n� y

� �
since this will often

shorten calculations.
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The Bernoulli formula for calculating binomial probabilities will now be understandable.

To find b(y; n, p), the probability in the binomial distribution of y successes when the number

of trials is n and the probability of success on a single trial is p, we use the following formula:

b(y; n, p) ¼ n

y

� �
py(1� p)n�y

Thus the mathematical model in the blood-type example is the random variable y having

values 0, 1, 2, 3, 4 and probability function b(y; 4, 0.40). The probabilities are computed in

Table 3.1. This is the same result we previously computed by listing all possible experimental

outcomes.

Since the Bernoulli formula can be used for any sample size and any probability of

success, there is no need to go back to the list of all possible outcomes. If the number of trials

is 20 and p ¼ 0:30, then the probability of 7 successes out of 20 trials is

b(7; 20, 0:30) ¼ 20

7

� �
(0:30)7(1� 0:30)20�7

¼ 77,520(0:30)7(0:70)13

¼ 0:16

Most of the time it is not necessary to use this formula since tables are available for many

sample sizes and probabilities. Computers can easily be programmed to produce other tables

of binomial distributions. The website for this text presents an example of this. It is useful,

however, to know the formula so that the tables are meaningful.

Table 3.2 is an example of a table for 4 binomial distributions. The value of b(7; 20, 0.30),

which was calculated earlier in this section, can be found in the eighth row of the second

column.

Note that there are entries of 0.000 in some positions, for example, b(1; 20, 0.50). This

does not mean that there is zero probability of getting 1 successful outcome in a sample of

20 when p ¼ 0.50; rather it means that the probability of 1 successful outcome is smaller than

1/1000.

TABLE 3.1. Computing Binomial Probabilities

y b(y; 4, 0.4)

0
4

0

� �
(0.4)0(1 2 0.4)420 ¼ (1)(0.4)0(0.6)4 ¼ 0.1296

1
4

1

� �
(0.4)1(1 2 0.4)421 ¼ (4)(0.4)1(0.6)3 ¼ 0.3456

2
4

2

� �
(0.4)2(1 2 0.4)422 ¼ (6)(0.4)2(0.6)2 ¼ 0.3456

3
4

3

� �
(0.4)3(1 2 0.4)423 ¼ (4)(0.4)3(0.6)1 ¼ 0.1536

4
4

4

� �
(0.4)4(1 2 0.4)424 ¼ (1)(0.4)4(0.6)0 ¼ 0.0256
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The most likely outcome(s) for each value of p can be read from this table. If p ¼ 0.30, the

most likely outcome is 6 because it has the greatest probability. Similarly, for p ¼ 0.50, the

most likely outcome is 10; for p ¼ 0.70 it is 14; and for p ¼ 0.75 it is 15.

Since a binomial distribution is a probability distribution, we can find its expected value,

E(y), and variance, V(y), by using the formulas introduced in Section 2.5. However, because

of the special nature of the binomial distribution, shorter formulas exist. For a binomial

distribution

E(y) ¼ np

V(y) ¼ np(1� p)

Thus, for b(y; 20, 0.50)

E(y) ¼ 20(0:5) ¼ 10

V(y) ¼ 20(0:5)(0:5) ¼ 5

sd(y) ¼
ffiffiffi
5

p
¼ 2:24

If we consider an interval from two standard deviations below the expected value to 2 standard

deviations above the expected value, that is,

10+ 2(2:24)

TABLE 3.2. Four Binomial Distributions

y b(y; 20, 0.30) b(y; 20, 0.50) b(y; 20, 0.70) b(y; 20, 0.75) y

0 0.001 0.000 0.000 0.000 0

1 0.007 0.000 0.000 0.000 1

2 0.028 0.000 0.000 0.000 2

3 0.072 0.001 0.000 0.000 3

4 0.130 0.005 0.000 0.000 4

5 0.179 0.015 0.000 0.000 5

6 0.192 0.037 0.000 0.000 6

7 0.164 0.074 0.001 0.000 7

8 0.114 0.120 0.004 0.001 8

9 0.065 0.160 0.012 0.003 9

10 0.031 0.176 0.031 0.010 10

11 0.012 0.160 0.065 0.027 11

12 0.004 0.120 0.114 0.061 12

13 0.001 0.074 0.164 0.112 13

14 0.000 0.037 0.192 0.169 14

15 0.000 0.015 0.179 0.202 15

16 0.000 0.005 0.130 0.190 16

17 0.000 0.001 0.072 0.134 17

18 0.000 0.000 0.028 0.067 18

19 0.000 0.000 0.007 0.021 19

20 0.000 0.000 0.001 0.003 20
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or

5:52 to 14:48

we find a probability of 0.958 that a value of the random variable will be within this interval

and only a 0.042 probability that the value will be outside this interval.

In the next two sections we see how binomial distributions can help interpret the results of

experiments.

EXERCISES

3.1.1. In a certain large college course, past records show that grades of A, B, C, D, and F are

equally likely. If 1 student is chosen at random, find the following probabilities:

a. P(C)

b. P(A or B)

c. P(a grade higher than D)

d. P(A, B, C, D, or F)

e. P(B and D)

f. P(E)

g. P(not-A)

h. P(not-A and not-F)

3.1.2. If 2 people who do not study together take the course described in Exercise 3.1.1, find:

a. P(2 A’s)

b. P(same grade)

c. P(different grades)

d. P(both higher than D)

e. P(both fail)

f. P(one passes and one fails)

3.1.3. In a certain city, a fourth of the families take their children to the doctor for regular

checkups. Five families are chosen at random.

a. What is the probability that exactly 3 families out of the 5 take their children to the

doctor for regular checkups?

b. What is the probability that at most 2 families out of the 5 take their children for

regular checkups?

c. What is the probability that more than 1 family out of the 5 take their children?

3.1.4. Assume a standard deck of 52 cards is used in the following problems.

a. Find the probability of drawing a heart or a picture card when selecting 1 card at

random. Explain why P(heart or picture card) = P(heart) þ P(picture card).

b. Find the probability of drawing 2 cards of the same color if the first card is

randomly selected and kept out of the deck and the second card is then selected at

random. Explain why P(2 red cards) = (1/2)(1/2).
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3.1.5. In the game of Yahtzee, 5 ordinary dice are tossed.

a. How likely is it that a player will get exactly four 2’s on a random roll of the dice?

b. In this game, 50 points are awarded if all 5 dice show the same number. How

likely is this to happen on a random toss?

3.1.6. Find:

a. 4!

b. 0!

c. 5!

d. 1!3!

e. 2!(6 2 2)!

f. (10 2 2)!

3.1.7. Compute:

a.
4

4

� �

b.
3

2

� �

c.
5

0

� �

d.
5

3

� �

e.
5

1

� �

f.
4

3

� �
3.1.8. Use Exercise 3.1.7 to find the following without doing any further computations:

a.
5

5

� �

b.
3

1

� �

c.
5

2

� �

d.
5

4

� �

e.
4

1

� �

f.
4

0

� �
3.1.9. Compute:

a.
7

3

� �
(0.20)3(0.80)4

b.
8

0

� �
(0.70)0(0.30)8

c.
10

8

� �
(0.10)8(0.90)2
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3.1.10. Compute the following binomial probabilities:

a. b(y; 3, 0.25) for y ¼ 0, 1, 2, 3

b. b(y; 4, 0.30) for y ¼ 0, 1, 2, 3, 4

c. b(y; 5, 0.10) for y ¼ 0, 1, 2, 3, 4, 5

d. Use part b to find the binomial distribution b(y; 4, 0.70) without doing any further

computations.

3.1.11. Find the expected value and variance for the blood-type example.

a. Using the formulas given in Section 2.4

b. Using the special formulas for the expected value and variance of a binomial

distribution that are given in this section

3.1.12. An experimental psychologist has 20 volunteers for a sensory perception experiment

and wishes to draw a random sample of 10 of these volunteers. Suppose that he

decides to write all combinations of 10 names on index cards and then draw 1 of the

cards at random. How many combinations will there be?

3.1.13. A geneticist studying dairy cattle has 4 bulls and 8 cows that can be used in an

experiment. How many different matings are possible?

3.1.14. There are 6 teams in a baseball conference.

a. How many games are necessary before each team plays every other team once?

b. If there are no ties in standings, how many ways can the teams be ranked on the

basis of number of games won?

3.1.15. Twelve school photographs (all the same size) are placed in random order face down

on a table. Two of them are of identical twin boys. One of the twins is brought into the

room and asked to select a photograph.

a. What is the probability that he will select his own by chance?

b. What is the probability that he will select his own or his brother’s?

c. If he is asked to select 2 photographs, what is the probability that he will select his

own and his brother’s?

3.1.16. There is evidence that among lower forms of animal life behavioral charac-

teristics can be transferred from one individual to another along with the transfer

of the chemical substance known as RNA. In an experimental study of this

transfer behavior, 8 salamanders are divided at random into 2 equal-sized groups

of 4. One group will be the experimental group and the other the control group.

a. Show that there are 70 different ways the 2 groups can be formed.

b. What is the probability that the 4 fastest swimmers are all in the same group?

c. What is the probability that 3 of the 4 fastest swimmers are in the same group?

d. All of the salamanders in one group (called the experimental group) received RNA

from a salamander that has been trained to swim fast. The other group (called the

control group) receives RNA from an untrained salamander. Before one could

believe that behavior is transferred with RNA, what should the number of fastest

swimmers in the experimental group be? Explain.

3.1.17. Many candy manufacturers who use artificial chocolate claim that their customers

cannot tell it from real chocolate. Suppose 5 customers are selected at random and

each is allowed to taste a candy bar made with real chocolate and the same kind of bar
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made with artificial chocolate. They are not told which contains real chocolate, and

they are asked which one it is.

a. If the manufacturer is correct about their inability to tell real from artificial chocolate,

find the probability that a taster will correctly choose the one that is the real chocolate.

b. What is the probability that all 5 tasters will choose correctly?

3.1.18. A certain basketball player has a success record of 1 in 3 for making attempted field

goals. Suppose she attempts 7 field goals in a game.

a. What conditions must be true in order to use the binomial distribution to produce

reliable probability statements?

b. Assuming the necessary conditions are met, compute the probability that the

player will make exactly 4 field goals.

c. What is the expected number of field goals she will make?

3.1.19. A night watchman must check in at 9 stations in a warehouse during each round of

inspection. He decides to try all possible sequences of the 9 stations and use the

shortest of these as his routine round of inspection. There are 9! possible different

sequences of the stations.

a. Why are there 9! different sequences?

b. How many sequences must he try?

c. If he walks 4 rounds of inspection each night, how many nights will he require to

try all possible sequences?

3.1.20. A sociologist examines 6 northern cities that have the same percentage of racial

minorities. He is able to rank the cities according to employment opportunities for

high-school graduates from the minority groups. He then orders the cities on the basis

of truancy among minority high-school students.

a. How many ways is it possible to order 6 cities on the basis of truancy among

minority students?

b. If ordering by truancy and by job opportunities are unrelated, how likely is it that

truancy will have a perfect reverse ordering to job opportunities?

c. If the truancy ordering is the exact reverse ordering of that for job opportunities,

should the sociologist decide that this happened by chance and that there is no

relationship between the two?

3.1.21. A person claims the extrasensory ability of looking at a photograph and telling

whether the subject of the photograph is still living or has died. In an experiment to

test her claimed ability, she is shown 10 photographs of people unknown to her. (To

improve the experiment, the subjects should be of the same age and the photographs

taken at the same time; a high-school yearbook would meet both conditions.) She is

asked to point out the 5 subjects who are now dead.

a. How many ways can she select 5 of the 10 photographs?

b. How many ways can she select the photographs of the 5 dead subjects?

c. What is the probability of selecting the correct 5 photographs by guessing rather

than by extrasensory ability?

d. Why should this be a double-blind experiment?

3.1.22. The grading of laboratory reports is tedious, so a laboratory instructor decides that he

will grade only a randomly chosen 2 of the 5 reports that each student has submitted.
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If both are acceptable, the student will be given an A as his laboratory grade; if 1 is

acceptable, he will receive a B; a C will be given if neither is acceptable.

a. How likely is a student to receive an A when he has submitted 5 acceptable

reports? 4? 3? 2? 1? 0?

b. How likely is a student to receive a C when he has submitted 5 acceptable reports?

4? 3? 2? 1? 0?

3.1.23. In Exercise 1.1.6 the number of ways that all pairwise comparisons could be made

among 10 people was determined by counting all of the events, and the answer was

9 þ 8 þ 7 þ 6 þ 5 þ 4 þ 3 þ 2 þ 1 ¼ 45.

a. Use combinations to verify that answer.

b. Why do both procedures produce the same answer? Hint: Add the integers from

the ends toward the middle, (9 þ 1) þ (8 þ 2) þ � � � .

3.2. TESTING HYPOTHESES

We return to the basic statistical problem of using probability to make decisions about

populations that are not totally accessible. The following example shows how the probabilities

in a theoretical binomial distribution can help to interpret the results of an experiment.

(We have already seen an example in the baby cereal preference study, Example 1.7 and

Section 2.4.)

Example 3.1. Using a Binomial Distribution to Test a Hypothesis

Because dairy farmers need more cows than bulls, it would be advantageous for them if a

method could be found to change the approximately 1-to-1 sex ratio found in nature. Many

biological experiments have been performed in an attempt to alter sex ratio, either by trying to

separate the sperm cells which produce male offspring or by finding some way to inactivate

them so that they cannot fertilize an egg cell.

A reproductive physiologist believes that by treating the semen of the bull with a mild

acid and using artificial insemination he can change the sex ratio of calves. (This is the

scientific hypothesis.) He decides to perform an experiment and observe 20 calves that

have been produced by this method. He is going to use statistics in order to generalize the

result from these 20 calves to the entire population of calves that could be produced by

this method. Thus, the statistical procedure begins at this point, prior to the actual

experiment.

The steps in the statistical procedure are:

1. State the null hypothesis.

2. State the alternative hypothesis.

3. Establish a, the level of rejection, and the region of rejection.

4. Perform the experiment and observe the outcome.

5. Draw conclusions.

Step 1. State the Null Hypothesis. In this experiment, H0: p ¼ 0.5, that is, under chance

alone, the probability of a newborn calf being female is 0.5. In other words, the treatment has

no effect on the sex ratio. The theoretical probability distribution if the null hypothesis is true
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is b(y; 20,0.50). This experiment can be done in such a way that it satisfies the 5 conditions of

a binomial experiment: There are only 2 possible outcomes, a male calf or a female calf. There

will be a repeated number of trials, 20. If the null hypothesis is true, P(female calf) ¼ 0.5 for

each trial. The 20 cows can be selected at random, and the semen can also be selected at

random from different bulls, ensuring independence from trial to trial. The physiologist is

interested in the statistic y, in this experiment the number of female calves born.

Step 2. State the Alternative Hypothesis. In this experiment, the alternative hypothesis is

Ha: p = 0.5. Since the physiologist does not know ahead of time what effect the mild acid

will have on the sex of newborn calves, this is a two-sided test, or a two-tailed test. He will

reject the null hypothesis if the outcome is an extreme case in either tail of the binomial

distribution.

Step 3. Establish a, the Level of Rejection, and the Region of Rejection. Looking

at the binomial distribution b(y; 20, 0.50), he wants to set a rejection level as close to 0.05 as

possible (because this is a traditional level used). Since this is a two-tailed test, he wants to

reject the null hypothesis if he obtains an outcome with a probability of less than 0.025 at

either side of the distribution. He notes from Table 3.2 that

P(0 or 1 or 2 or 3 or 4 or 5)

¼ P(0)þ P(1)þ P(2)þ P(3)þ P(4)þ P(5)

¼ 0:000þ 0:000þ 0:000þ 0:001þ 0:005þ 0:015

¼ 0:021

and that

P(15 or 16 or 17 or 18 or 19 or 20)

¼ P(15)þ P(16)þ P(17)þ P(18)þ P(19)þ P(20)

¼ 0:015þ 0:005þ 0:001þ 0:000þ 0:000þ 0:000

¼ 0:021

so the actual a is 0.042. The region of rejection is all y such that 0 � y � 5 or 15 � y � 20, and

y is called the test statistic. Including any more values in the region of rejection would have

made a further from 0.05. The symbol y here stands for the number of female calves born

(alternatively, y could stand for the number of male calves born).

Step 4. Perform the Experiment and Observe the Outcome. The experiment is now

performed, and suppose 6 males and 14 females are born. If the null hypothesis is true, the

expected number of female calves would be E(y) ¼ np ¼ 20 � 0.5 ¼ 10. Since the number

of female calves observed in the experiment is y ¼ 14, the physiologist cannot be especially

encouraged by a deviation of only 4 from the number expected by chance alone. However, in

the statistical procedure, decisions are based on probability, and the probability of a deviation

of this magnitude (or greater) when the treatment is ineffective is needed.

Step 5. Draw Conclusions. The a level and the region of rejection merely specify, prior to

the experiment, those outcomes that can be considered plausible and those that would be

unusual when the null hypothesis is true. In this experiment, outcomes of less than 6 or more

than 14 occur only 0.042 of the time if the null hypothesis is true. Since y ¼ 14 is not in the

region of rejection, the physiologist does not reject the null hypothesis.
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The outcome of 14 deviates by 4 from the expected value of 10 under the null hypothesis

[np ¼ 20(0:5) ¼ 10]. The probability of a chance deviation this great or greater is

P(0)þ P(1)þ P(2)þ P(3)þ P(4)þ P(5)þ P(6) ¼ 0:058

plus

P(14)þ P(15)þ P(16)þ P(17)þ P(18)þ P(19)þ P(20) ¼ 0:058

So the P value is

P ¼ 0:058þ 0:058 ¼ 0:116

Thus the probability of obtaining a chance deviation of this magnitude (or greater) from the

expected 1-to-1 sex ratio is 0.116. This probability is greater than the a ¼ 0.05 chosen by the

physiologist, hence too large to claim that the experimental sex ratio of 14 to 6 is a significant

altering of the proportion of females from p ¼ 0.5.

Once again, let us remember that it is not known for sure whether or not the addition of a

mild acid to bull semen will alter the sex ratio of calves. An experiment based on more than 20

births might verify the change observed in the experiment. However, for this experiment, the

physiologist must decide that the experimental outcome is not improbable (P . a) under the
null hypothesis and chance alone.

This process of setting up the null hypothesis may still seem rather round-about since the null

hypothesis is usually the opposite of the decision the scientist is hoping to make. However, since

there is no information about the probability associated with the experimental hypothesis, the

null hypothesis must be set up so that known probabilities can be used.

Not all tests of hypotheses are two tailed. Sometimes the experimenter is looking for

evidence in a particular direction. The following example will illustrate a one-tailed test of

hypothesis.

Example 3.2. Testing a Hypothesis Using a Binomial Distribution

The staff of a reading clinic is interested in determining the sex ratio of children who have a

certain reading problem. The children reverse the letter sequences in words; for example, they

read “saw” for “was.” Someone has claimed that more than 70% of the children with this

disorder are boys. The staff decides to look at a random sample of 20 children who have this

reading problem. The null hypothesis is H0: p ¼ 0.7 and Ha: p . 0.7 because they are

looking for evidence to substantiate the claim. Assuming the null hypothesis is true, they use

the binomial distribution b(y; 20, 0.70) as the theoretical model. The number of boys in the

random sample of children with this disorder is represented by y.

The level of rejection in this survey is chosen to be as close to 0.05 as possible. Looking

at Table 3.2 in Section 3.1, the actuala is seen to be 0.036 and the region of rejection is 18, 19, 20.

Assume the survey reveals that 18 out of the 20 afflicted children are boys. Whether one

uses the fact that the test statistic, y ¼ 18, is in the region of rejection or that the P value of

0.036 is less than a, the null hypothesis is rejected and it is concluded that there is evidence

that more than 70% of the children with this disorder are boys.
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We have noted that with this type of test there is no way to be certain whether the null

hypothesis is true or false. Although the null hypothesis was rejected in the example above, it

is of course possible that it is actually true and a very unlikely outcome just happened to occur.

To reject a true null hypothesis is called a Type I error. The probability of committing a Type I

error in the survey above is 0.036 because a ¼ 0.036, that is, there is a 3.6% chance that the

null hypothesis is true and sample results lead to rejection of it. The probability of a Type I

error is always a, the level of rejection, and is chosen by the experimenter.

If the results had been different, the null hypothesis might not have been rejected. For

example, the survey might have shown that 15 out of 20 children displaying reading reversals

were boys. Since 15 is not in the region of rejection (and P ¼ 0.417), the null hypothesis

would not have been rejected, and it could be concluded that among the children with reading

reversals 70% or fewer may be boys. In this case, it is possible that the null hypothesis is false,

but it has not been rejected. To fail to reject a null hypothesis when it is false is called a Type II

error.

It is more difficult to determine the probability of a Type II error than of a Type I error. The

probability of a Type I error, rejecting a true null hypothesis, is a. The probability of a Type II
error is, in this case, the probability that y is not in the region of rejection of the null hypothesis

if p is not 0.70. This cannot be determined in this form because there is no specific value for

p; p = 0.70 is an infinity of values.

To determine the probability of a Type II error:

1. Choose a reasonable specific alternative value of the parameter, p ¼ pa, that is of

clinical importance.

2. Find b, the cumulative frequency in b(y; n,pa) for y in the acceptance region ofH0; that

is, b ¼ P(y is in the region of acceptance of H0 if p ¼ pa).

The probability b is the probability of failing to reject the null hypothesis when it is false by a

specific amount. In more positive terms, the power of the experiment or survey, that is, the

probability of detecting the specific alternative hypothesis, is 1 2 b. Thus power is related to

b, and depending on which is easier to compute, we find one from the other by

Power ¼ 1� b or b ¼ 1� Power

In the example above, in which 15 out of 20 children with reading reversals were boys, the

null hypothesis was not rejected. What is the probability that a false null hypothesis may have

been accepted? From knowledge of reading problems, the staff might agree that a reasonable

alternative value is pa ¼ 0.75. Power depends on the “degree of falseness” of the null

hypothesis, so they specify the smallest degree of falseness of practical interest. This means

that if in fact 75% of the cases of reading reversals occur in boys the clinic would examine

boys very carefully for this problem, but if fewer than 75% were boys they would not examine

boys more closely than girls. Referring to the table in the previous section under b(y; 20,

0.75), we find that the probability that 0 � y � 17 is b ¼ 0.909. This means that there is a

90.9% chance of failing to reject the null hypothesis if in fact 75% of the children with reading

reversals are boys! The chance of detecting the difference is only 1 2 0.909 ¼ 0.091; the

power of this survey is very low.

A powerful experiment generally means a power of 0.70 or greater, so the survey above is

very poor. This illustrates the need to design an experiment in such a way that there is a

reasonable chance of detecting a clinically important difference if it exists. To increase the
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power in this survey, a much larger sample size is necessary. Another way to increase the

power (decrease b) is to increase a.
In practice, many times we do not have enough information to choose a reasonable specific

alternative, and thus we are not able to compute b. Fortunately, the power of an experiment

usually increases with the size of the sample, so we work with samples that seem large enough

to make the experiment powerful. If we can specify the alternative value of the parameter, it is

possible to use a repetitive process (likely with the aid of a computer) to determine how large

the sample size must be in order to have a specified power. In the reading-reversal example, it

is necessary to use a sample size of n ¼ 501 to achieve a power of 0.80 in detecting pa ¼ 0.75

when the null hypothesis is H0: p ¼ 0.70 and a ¼ 0.05 (Buckalew, 1974, p. 61). This large

size is required because a relatively small difference is specified.

We usually try to achieve a balance between the a level and the power. We want a

moderately low a level (as 0.05) and try to get the power as high as possible, usually by taking

relatively large samples.

Which type of error is worse depends on the situation. For example, imagine that a medical

microbiologist is testing a new antibiotic for effectiveness against a particular bacterium.

Currently used antibiotics are known to have a cure rate of p ¼ 0.75. The two types of error

could occur under the following circumstances:

Type I. The microbiologist is testing H0: p ¼ 0.75 against Ha: p . 0.75. The new

antibiotic actually has a cure rate of 0.75, but the results of the experiment lead her to conclude

that it is better than the antibiotics currently used. If the new one is equal to the others in all

other respects, such as price and side effects, then this Type I error is not serious. If, however,

the price is higher or the side effects are more severe, then the Type I error is serious.

Type II. The microbiologist is again testing H0: p ¼ 0.75 against Ha: p . 0.75. Now,

however, let us assume that the new antibiotic is actually better but she fails to detect this from

the results of the experiment. The Type II error here means that a more effective medication

will not be used. The seriousness of the error depends on the seriousness of the illness and how

much better the new medicine would be. If p is actually 0.78, this would not be much of an

improvement so the error is not as serious as if p were 0.98 and a very effective medication

were not being used.

The diagram in Figure 3.2 summarizes the various possibilities that occur when testing

hypotheses. The specific probabilities listed refer to the reading-reversal study (Example 3.2)

used in this section.

Note that the probabilities in the columns of this diagram sum to 1. Also, once the decision

is made, only one type of error is possible. If the null hypothesis is rejected, there is then no

possibility of a Type II error. Similarly, if we fail to reject the null hypothesis, we no longer

need to worry about a Type I error.

FIGURE 3.2. Type I and Type II errors.
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In the discussion of hypothesis testing and errors in this section, we have used only

examples that fit the small table of binomial distributions given in Section 3.1. Two similar

but larger tables are found in Table A.4a for samples of size n ¼ 20 and Table A.4b for

samples of size n ¼ 25. These tables are used in the same manner as the smaller table in

Section 3.1.

If a ¼ 0.10 and the test is two tailed, the horizontal lines indicate the regions of rejection

and acceptance. If a ¼ 0.05 and the test is one tailed, the line in the appropriate tail may be

used to indicate the region of rejection. Other a levels can be used, but then the regions must

be determined by the user of the table. The probability of a Type II error can also be found

from these larger tables; the method is the one just described in this section.

Many other tables are readily available in statistics books and in reference books. If the

particular table needed is not available, it can be computed using the Bernoulli formula

possibly with the assistance of a computer (see the computer usage sections on the text’s

Internet site). Approximation methods are also possible; these are discussed in Chapter 7.

A brief summary of this section follows.

Procedure. Test of Hypotheses for a Binomial Parameter p

Region of Rejection Method

H0: p ¼ p0

Ha: p = p0 or p . p0 or p , p0

Significance level: a
Test statistic: y, the number of successes out of n trials

Using a table for the binomial distribution with probability function b(y; n, p0), determine the

region of rejection.

For Ha: p = p0, the region of rejection is 0 � y � cL and cU � y � n such that

XCL

0

b(y; n, p0) and
Xn
CU

b(y; n, p0)

are each as close as possible to a=2.
For Ha: p . p0, the region of rejection is cU � y � n such that

Xn
CU

b(y; n, p0)

is as close as possible to a.
For Ha: p , p0, the region of rejection is 0 � y � cL such that

XCL

0

b(y; n, p0)

is as close as possible to a.
Reject H0 if y is in the region of rejection.
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P-Value Method

For Ha: p = p0, compute P ¼ P(jy� np0j � jtest statistic� np0j).
For Ha: p . p0, compute P ¼ P(y � test statistic).

For Ha: p , p0, compute P ¼ P(y � test statistic).

Reject H0 if P � a.

Error

P(Type I error) ¼ a
P(Type II error if p ¼ pa) ¼ P(y is in the region of acceptance of H0 if p ¼ pa)

EXERCISES

3.2.1. Use Tables A.4a and A.4b in the Appendix to find the following:

a. P(4 , y , 8) when n ¼ 20, p ¼ 0.8

b. P(y � 2) when n ¼ 25, p ¼ 0.6

c. P(y � 4) when n ¼ 25, p ¼ 0.25

d. P(y . 15) when n ¼ 20, p ¼ 0.70

e. P(y , 19) when n ¼ 20, p ¼ 0.55

f. P(6 � y � 9) when n ¼ 25, p ¼ 0.35

3.2.2. A teacher gives a student a make-up test consisting of 20 true-false questions. The

intent of the test is to determine whether the student answers the questions correctly

through knowledge of the material or merely by making lucky guesses. Assume the

correct answers are a random sequence of “true” and “false” and that the student’s

guesses are also random.

a. State a null hypothesis based on the probability of guessing the correct answer to a

question.

b. State a one-tailed alternative hypothesis based on the probability of arriving at the

correct answer through knowledge.

c. Find the region of rejection when a is set as close to 0.05 as possible. (Remember

that the null hypothesis will be rejected only if an extreme value occurs on one

side of the distribution.)

d. If the student correctly answers 16 of the 20 questions:

i. What is the P value?

ii. What should the teacher conclude?

3.2.3. A carnival operator wants a game that can be won about 30% of the time. If the game

is won more frequently, it will not be economical for the operator; if winning is less

frequent, potential players will be reluctant to risk their money. He devises a dart-

tossing game that he thinks will suit his criterion and tests it on 20 random players.

a. State a null hypothesis based on his criterion.

b. State a two-tailed alternative hypothesis.

c. If the region of rejection is set at 0 � y � 2 and 11 � y � 20, what is the a level?

d. What conclusion should the operator draw about the game if there are 9 winners

among the first 20 players? What must be assumed about the players in order to

accept this conclusion?
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3.2.4. A campus parking lot contains 20 spaces, all reserved for faculty members. The

administration decides that students may park their cars in the lot after 4:00 PM if

faculty usage then drops to less than 70%. A random weekday afternoon is chosen to

sample the faculty usage after 4:00 PM.

a. State the null hypothesis.

b. State a one-tailed alternative hypothesis that would lead to student usage of the lot.

c. Find the region of rejection for a as close to 0.05 as possible.

d. If there are 18 faculty cars in the lot at the time of the survey:

i. What is the P value?

ii. What decision should be made about student parking?

e. Do you see any difficulties in the design of this survey? Suggest a better design.

3.2.5. In the experiment concerning the altering of the sex ratio in newborn calves

(Example 3.1), the null hypothesis isH0: p ¼ 0.5 andHa: p = 0.5. There are 20 trials

and the region of rejection is 0 � y � 5 and 15 � y � 20.

a. The physiologist would consider the experiment a success if the proportion of

female calves is 0.70. How likely is it that a change of this magnitude will be

detected by the statistical procedure described?

b. What would you suggest to the physiologist if he does not think that this

experimental design is powerful enough to detect this useful change?

3.2.6. In an effort to control mosquitoes without having to use dangerous insecticides,

entomologists have taken advantage of two factors in the biological nature of

mosquitoes: Male mosquitoes are not bloodsuckers and nearly all female mosquitoes

mate but once. Thus the entomologists release massive numbers of sterilized male

mosquitoes to reduce the probability of a female mating with a fertile male and

consequently producing more mosquitoes. After such a release, the entomologists

hypothesize that the probability of a female mating with a fertile male is H0:

p ¼ 0.30. If 20 females are captured and examined for fertile eggs:

a. Find the region of rejection if the alternative hypothesis is Ha: p . 0.30.

b. What is the power of the experiment if pa ¼ 0.50?

c. What is the power if pa ¼ 0.70?

3.2.7. A large corporation is going to purchase 150 company cars for its salesmen and

executives. The corporation has already eliminated many makes and models and now

must choose between two specific types of cars, A and B, which are comparable in

size, purchase price, and maintenance cost. The corporation will base its final decision

on the gasoline mileage of these two types. It is known that 70% of the cars of type A

average more than 20 miles per gallon, and it is strongly believed that car B has a

better record. If B is proved, better they will buy B; otherwise they will buy A.

a. State the two outcomes that should be considered for a random sample of cars of

type B.

b. State the null hypothesis in terms of cars of type B.

c. State the one-tailed alternative hypothesis for car B.

d. Which type of error should be kept to a minimum in this experiment? How can this

be accomplished?

3.2.8. A behavioral scientist feels that right-handed people have a tendency to make right-

hand turns when they have no other basis for choosing the direction in which they
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should turn. To conduct a statistical test, she draws a random sample of 20 right-

handed individuals from a large group of volunteers. To keep the subjects unaware of

the nature of the experiment, she pretends to be conducting a survey of family dietary

habits. She has the subjects brought into her office one at a time, questions them about

the eating habits of their families, and then directs them out by a different way from

the one by which they entered. They are told to go down a hall and out either door at

the end. The experimenter watches each subject leave and records whether the subject

chooses the door to the right or left as he or she exits.

a. State a null hypothesis which specifies that only chance leads to the choice of the

door to the right.

b. For a two-tailed alternative hypothesis, the region of rejection could be 0 � y � 5

and 15 � y � 20. What is the a level?

c. For a one-tailed alternative hypothesis, the region of rejection could be

14 � y � 20. What is the a level?

d. For the specific alternative pa ¼ 0.70, which is more powerful, the one-tailed or

the two-tailed test?

e. Comment on the deception involved in this experiment.

3.2.9. For a binomial experiment in which n ¼ 20 and H0: p ¼ 0.30:

a. Find the region of rejection with an a as near 0.05 as possible when Ha:

p = 0.30.

b. Find the region of rejection with an a as near 0.05 as possible when Ha:

p . 0.30.

c. For the specific alternative pa ¼ 0.50, how much more powerful is the one-tailed

test than the two-tailed test?

d. Which of the following statements is true?

i. The one-tailed test is more powerful because it has a greater a level.

ii. The one-tailed test is more powerful because it has a greater b.

iii. The one-tailed test is more powerful because there are more possible y values

in its region of rejection.

iv. The one-tailed test is more powerful because the sum of the probabilities

associated with the region of rejection is greater for the specified alternative

b(y; 20, 0.50).

3.2.10. After a flood or storm, insurance companies buy damaged goods from stores that carry

their policies. To recover some of the loss, they sell the damaged goods to salvage

companies. Suppose 30,000 flood-damaged highway safety flares are offered for

sale by an insurance company with the claim that 25% of them are too damaged to

ignite.

a. State a null hypothesis that would test the insurance company’s claim.

b. State the alternative hypothesis of greatest concern to the insurance company.

c. State the alternative hypothesis of greatest concern to a salvage company.

d. Suppose the insurance company’s statement about the 30,000 flares is correct.

Determine how likely it is that a random sample of 20 flares will have:

i. Exactly 10 flares that fail to ignite

ii. At least 10 (that is, 10 � y � 20) that fail to ignite

EXERCISES 67



e. Suppose the insurance company’s statement is incorrect and actually 40% are too

damaged to ignite.

i. What is the probability that exactly 10 will fail to ignite?

ii. What is the probability that at least 10 will fail to ignite?

f. Suppose H0: p ¼ 0.25 is being tested, what is the power of the test when a is as

near as 0.05 as possible and p is really 0.40?

3.2.11. Describe how a Type I or Type II error could occur in the following situations and

give some of the factors that would determine the seriousness of the errors.

a. A bookstore is trying to determine what proportion of the students buying a certain

textbook will also buy an optional student guide. In the past, 40% of the students

buying the text have also bought the guide. The bookstore wants to test H0:

p ¼ 0.40 against Ha: p . 0.40.

b. A seed company wants to claim on a certain seed package that at least 90% of the

seeds will germinate. The company decides to check this before the packages are

printed and test H0: p ¼ 0.90 against Ha: p , 0.90.

c. A recreation specialist is planning campsite facilities for a state forest and wants to

include several rustic tent-only campsites that will be inaccessible to campers on

wheels. He thinks that only 20% of the people camping in the area would desire

such facilities. He tests H0: p ¼ 0.20 against Ha: p = 0.20.

3.2.12. Archaeologists use pelvic bones to determine whether a skeleton is that of a man or

woman. Primitive cultures often buried their outstanding members (rulers, warriors,

athletes, and so on) with greater ceremony than ordinary members. Using this fact,

much can be learned about the status of women in an early culture by observing the

frequency of skeletons of females in ceremonial graves. Suppose that an archaeologist

discovers 20 graves that can be assumed to be a random sample of the ceremonial

graves of a Stone Age culture in Wiltshire, England.

a. What is the most logical statistical hypothesis to be tested?

b. Suppose the region of rejection is: The number of skeletons of females is less than

8. What is the value of a?

c. Suppose pa ¼ 0.30; what is the numerical value of b?

d. What assumption is necessary to use this test procedure?

3.2.13. A certain dental condition which can be corrected if detected early enough occurs in

the population with a frequency of p ¼ 0.20. An orthodontist believes that this

condition occurs more frequently in children who were born with cleft palates and that

parents of such children should be warned to watch for early evidence of the dental

condition. To test his hypothesis, she follows the dental development of a random

sample of 25 children born with cleft palates.

a. What is the most logical null hypothesis for the orthodontist to check? What

alternative hypothesis should she use?

b. Suppose she wants a to be as close to 0.05 as possible; what region of rejection

should she set for y, the number of children in the sample who develop this dental

condition?

c. Suppose 8 of the children in her sample develop the condition. What is the P

value? Should she reject the null hypothesis? Why, or why not? What conclusion

should she draw?
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3.2.14. Sickle-cell disease is a potentially lethal genetic disease in the Black race. It is

estimated that 30% of African-Americans in a certain Gulf Coast region have the

disease or carry the trait for it. This figure seems too large to a physician in the region,

so he takes a random sample of 25 of his African-American patients and examines

blood smears.

a. State the physician’s most logical null and alternative hypotheses.

b. What region of rejection would you suggest he use? What is the a level for this

region?

c. If the percentage in question is really 15%, what is the power of his test?

d. Which type of error is more serious in his study, Type I or Type II? Why?

e. Suppose 12 patients of his sample have the condition or seem to be genetic

carriers. Should he reject his null hypothesis or not? Why? What is the P value?

What conclusion should he draw about the proportion of sickle-cell disease in the

Black population?

3.2.15. Cryobiologists have been experimenting for many years with methods of freezing

human corneas so that, when thawed, the membranes can be safely used in “eye

transplants.” If corneas are suspended in ethylene glycol, 70% of membranes

survive freezing and thawing. Unfortunately the chemical compound is toxic,

and therefore a cornea soaked in it is unsafe for transplant. Suppose a cryobiologist

finds a nontoxic chemical that has similar protective properties. He wants

to compare its effectiveness with ethylene glycol in the freezing-thawing

process.

a. State the null and alternative hypotheses.

b. If 20 corneas are to be used in his experiment, give the region of rejection for

a ¼ 0.10.

c. Suppose y ¼ 10 is the number that survive; should the experimenter feel

encouraged or discouraged by the results? Give a reason for your answer.

3.2.16. Vegetable farmers try to avoid the use of insecticides because of expense and health

hazards. However, if crops become too heavily infested, it becomes necessary to

spray them. Suppose a farmer decides that she will spray her cabbages if their

infestation with moth larvae is significantly greater than 20%.

a. If the farmer samples the crop to determine the percentage of infested cabbages,

what is the null hypothesis?

b. What is the most logical choice for the alternative hypothesis? Why?

c. For n ¼ 20 and a as close to 0.05 as possible, choose the region of rejection that is

consistent with the alternative hypothesis.

3.2.17. In times of stress, some people hyperventilate to the point of dizziness and fainting.

To determine whether this behavior is equally likely in men and women, a researcher

takes a random sample of 25 cases from a hospital emergency room’s file on those

treated for hyperventilation.

a. What hypothesis should be tested about the percentage of males among those

treated?

b. What should the region of rejection be if a is to be as near 0.01 as possible?

c. If 16 of the 25 persons in the sample are men, should the researcher conclude

that men are more likely to hyperventilate than women? Why or why not?
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3.3. ESTIMATION

So far, our discussion of statistical methods has dealt with only one of the general problems of

statistics, decisions about hypotheses. Tests of hypotheses are possible only when we have

quite a bit of information about the experimental situations. For example, to analyze the

results of the experiment on the sex ratio of calves, the experimenter had to know the sex ratio

of newborn calves in an untreated population. In the early stages of experimentation, when

less information is available, the scientist often uses estimation (Figure 3.3).

Estimation will answer questions like “What proportion of ex-prisoners who have gone

through a certain group therapy program will be arrested again within the first two years after

release?” If we consider the entire population of prisoners who have gone through or will go

through the program during their incarceration and we use as the variable of interest whether

or not they are arrested again within two years after release, what is the appropriate value of p,
the proportion arrested again?

Since we cannot observe the entire population, we will instead examine a random sample

from it and count the number of subsequent arrests in the sample. Recall that this count, based

on the results of sampling, is called a statistic. Then, using the binomial distribution as a

model for this study, we will use the statistic to make a statement about the unknown

parameter p, the true proportion of ex-prisoners who will be arrested again (Figure 3.4).

In trying to estimate the unknown parameter, two types of estimates are possible.

1. A point estimate—a statistic based on a sample.

2. An interval estimate—an inference based on a statistic.

The natural point estimator of a proportion p is

p̂p ¼ y

n

in which y is the number of successes in a sample size of n. The estimator p̂p is read “p hat.” In

general, placing a caret, or “hat,” on a Greek letter indicates an estimator of the parameter.

The estimator p̂p is not only the natural point estimator but also the best estimator because

it has three desirable properties of an estimator:

1. p̂p is a maximum-likelihood estimator. That is, the estimate of p that we get using this

estimator makes the outcome that we obtained the one most likely to occur. We can see

this by using Table 3.2, where the value of y with the greatest probability, gives the best

estimate p̂p ¼ y=n of the binomial parameter p. In the distribution with probability

function b(y; 20, 0.30), y ¼ 6 is the most probable outcome and 6/20 ¼ 0.30; in b(y;

20, 0.50), y ¼ 10 is the most probable outcome and 10/20 ¼ 0.50; in b(y; 20, 0.70),

y ¼ 14, is the most probable outcome and 14/20 ¼ 0.70 (see Figure 3.5).

FIGURE 3.3. Types of inference.
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p̂p is unbiased. That is, if we were to repeat the estimation process, the average of all

possible estimates would be the true parameter p.

p has a minimum variance. That is, the possible estimates are clustered closer to p than for

any other unbiased estimator.

FIGURE 3.4. The inferential process.

FIGURE 3.5. The most probable outcome in three binomial distributions.
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Thus, if we observe a random sample of 20 prisoners who had gone through the therapy

program and we find that 6 of them have been arrested again, then the best point estimate of

the proportion of subsequent arrests is

p̂p ¼ 6

20
¼ 0:30

Because of the properties of this estimator, we can be confident that this is likely to be close to

the true value. Unfortunately, it will usually not be exactly the true value. A repetition of the

survey might yield

p̂p ¼ 8

20
¼ 0:40

Although we know that both of these estimates are close, we also know that probably neither

of them is exactly correct.

One way to avoid this difficulty is to use an interval estimate, an inference that the

parameter is between certain bounds. The confidence interval is obtained by asking “For

which values of p is p̂p a common or frequent estimate?”

We use the following steps to find an interval estimate.

Procedure. Central Confidence Intervals for p

1. Specify an a level.

2. Take a sample of size n.

3. Find y, the number of successes.

4. Give the interval of all values of p for which ywould fall in the region of acceptance for

a two-sided a-level test.†

For example, if a ¼ 0.10, n ¼ 20, and y ¼ 8, we use Table A.4a in the Appendix; 8 is in

the region of acceptance for p between 0.25 and 0.55. Thus p̂p ¼ 8=20 ¼ 0:40 is among the

90%most common estimates of all p values between 0.25 and 0.55. Since a ¼ 0.10, when we

use this procedure about 90% of the intervals obtained, will include the actual parameter being

estimated. The interval is written

CI0:90: 0:25 � p � 0:55

and is called the 90% confidence interval for p. This method yields a central confidence

interval since two-sided regions of acceptance are employed. Note that the best point estimate,

p̂p ¼ 8=20 ¼ 0:40, is within this interval.

For any given sample size, the method we just outlined gives the narrowest CI12a. The

confidence interval in this example is quite wide; this is because the sample size n ¼ 20 is small. If

a larger sample is used (and a remains constant), the same statistic p̂p ¼ y=n will yield a smaller

confidence interval. To see this, Tables A.5a through A.5e in the Appendix can be used. These

tables list the confidence intervals for various sample sizes and various a levels. (Instructions for

reading these tables precede the group.) To see the effect of increased sample size, let a ¼ 0.10,

n ¼ 100, y ¼ 40; then p̂p ¼ 40=100 ¼ 0:40 (as in the previous example), and from Table A.5c

CI0:90: 0:318 � p � 0:487

which is a smaller interval than the one found for n ¼ 20.

†The authors are indebted to H. C. Fryer for the graphic determination of confidence intervals in this section and in

Tables A.4a and A.4b.
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Tables A.5a and A.4b give slightly different 90% confidence intervals for sample size

n ¼ 25. This difference occurs because Tables A.5a through A.5e were calculated by a

different procedure than Tables A.4a and A.4b. The method for finding confidence intervals

used in Tables A.4a and A.4b is very instructive but lengthy to compute. The alternative

shorter method used for Tables A.5a through A.5e will not be explained here; it is an

approximate method and is known to produce reliable confidence intervals.

We can find one-sided confidence intervals as well as central confidence intervals. The

method is the same except that the region of acceptance for a one-sided a-level test is used in
step 4 of the Procedure given above. If Tables A.5a through A.5e were used, we refer to the a
column that is twice as large as the desired a level and use only one of the values L or U that

are given. (Example 3.3 demonstrates a one-sided procedure.)

Linear interpolation can be used to obtain confidence intervals for sample sizes between

those listed in the tables or it can be used for statistics that fall between values listed in the

tables. This method of interpolation of confidence intervals is a conservative estimate because

the confidence intervals actually decrease along curves within the straight lines along which

interpolation occurs. Since the interpolated values are outside the actual curves, they more

than preserve the a level of the tables (Figure 3.6).

As mentioned before, by using an interval estimate, we avoid the almost certain error of a

point estimate. If an interval estimate includes the true proportion, then it is correct. It is

possible for two different interval estimates to be correct. For example, two polls on the

proportion of the American population that approves of the president’s economic policy could

yield point estimates p̂p1 and p̂p2 and interval estimates as in Figure 3.7. If p is the true

proportion, both point estimates are wrong. However, both interval estimates are correct. In

this particular case, neither interval contains both point estimates but both intervals are still

correct.

The question of Type I or Type II errors does not apply to the inference of confidence

intervals since no decisions concerning hypotheses are being made. However, the reliability of

the estimate made by the confidence interval is expressed in the percentage of confidence. A

level of confidence of 95% means that 95% of the intervals that could be determined by this

method contain the true population parameter.

FIGURE 3.6. Linear interpolation yields conservative confidence intervals.

FIGURE 3.7. Confidence intervals for the same parameter obtained from different samples.
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Although Tables A.5a through A.5e list confidence intervals, they may also be used to test

hypotheses. This is demonstrated in the following example.

Example 3.3. Using Confidence Intervals to Test Hypotheses

It is generally felt that those opposed to the issuance of a new school bond are more likely to

go to the polls to vote than those who favor the bond. Thus a local school board feels that a

bond issue must be favored by more than 70% of the registered voters to have a chance of

being approved in the bond election.

Since the school board is concerned about detecting whether enough people are in favor of

the bond issue, it wants to determine a one-sided confidence interval on p that makes a

statement about the smallest possible value that p might be.

Suppose a random sample of n ¼ 250 registered voters is surveyed by the school board

and y ¼ 190 favor the bond issue while n 2 y ¼ 60 oppose it. Using Table A.5d and

y/n ¼ 190/250 ¼ 0.76, the table is entered at 1 2 0.76 ¼ 0.24 and the lower bound is

1 2 0.289 ¼ 0.711. The 95% confidence interval that puts a lower bound on p is

one-sided CI0:95: 0:711 � p � 1:00

(The 0.10 column is used because only the lower bound is needed.) This interval shows that

the school board can schedule an election and feel confident that the bond issue will pass.

If the board preferred to phrase its investigation in terms of a test of hypothesis, it would test

H0: p ¼ 0:70 (bond issue may not pass)

against

Ha: p . 0:70 (bond issue will pass)

The board would find the one-sided confidence interval for the lowest value of p and

conclude that the null hypothesis should be rejected at the 5% significance level because

p ¼ 0.70 is not in the interval.

Similar approaches can be used for two-sided alternatives and one-sided less-than

alternatives. The correspondence between confidence intervals and tests of hypotheses is

summarized in the following procedure.

Procedure. Testing Hypotheses Using Confidence Intervals

Confidence Interval Test

Central H0: p ¼ p0

CI12a: L � p � U Ha: p = p0

a level of rejection

Reject H0 if p0 is not in the confidence interval, that is,

p0 , L or p0 . U

Upper bound H0: p ¼ p0
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Confidence Interval Test

One-sided CI12a: 0 � p � U Ha: p , p0

a level of rejection

Reject H0 if p0 is not in the confidence interval, that is,

p0 . U

Lower bound H0: p ¼ p0

One-sided CI12a: L � p � 1.00 Ha: p . p0

a level of rejection

Reject H0 if p0 is not in the confidence interval, that is,

p0 , L

EXERCISES

3.3.1. In each case below, the sample size n, the statistic y, the level of confidence 1 2 a, the
lower confidence limitL, or the upper confidence limitU are given. Use tables for placing

a confidence interval on the binomial parameter p to fill in the missing values in each

case.

Case n y 1� a L U

1 50 20 0.99 — —

2 — — 0.95 0.300 0.423

3 250 80 0.95 — —

4 500 430 0.99 — —

5 50 16 0.99 — —

6 — — 0.95 0.102 0.258

7 500 31 0.90 — —

8 100 — — 0.216 0.374

9 — 30 — 0.036 0.093

10 20 — 0.90 0.250 —

3.3.2. In a random sample of 250 inmates of federal prisons, 175 are found to have

committed nonviolent crimes.

a. What is the best estimate of the proportion of such federal offenders?

b. Place a 95% confidence interval on the proportion of all federal prisoners

convicted of nonviolent crimes.

c. Can you deduce from this that the majority of inmates of all federal prisons have

been convicted of nonviolent crimes?

3.3.3. A random sample of 25 precocious readers is drawn and their family backgrounds

carefully studied. In 40% of the cases, the child’s father is at least 15 years older than

the mother. Place a 90% confidence interval on the proportion of such age disparities

between the parents of precocious readers.

a. Using Table A.4b

b. Using Table A.5a
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3.3.4. A random sample of 100 persons suffering from mental depression reveals that 75 of

them cannot properly evaluate their job skills.

a. Give the maximum-likelihood estimate of the binomial parameter.

b. Set up a 95% confidence interval for this parameter.

3.3.5. In a random sample of 50 kindergarten children, there are 7 who hold crayons in their

left hands while coloring a picture.

a. Give the best point estimate of the proportion of left-handed kindergarten

children.

b. Explain what “best” means in this exercise.

3.3.6. Selected at random, 125 schoolchildren are given their choice of candy made with

either light or dark chocolate, but otherwise the candy is the same. Only 30% of them

choose the dark chocolate. If a candymaker wants no more than a 1 in 100 chance of

being misled by sampling variability, what is the estimate of the proportion of

children who prefer dark chocolate?

3.3.7. Selected at random, 250 married couples are given sample ballots containing the

names of all candidates for contested offices in the coming election. Husband and wife

mark their ballots independently, and their ballots are compared; 130 couples are in

perfect agreement in their voting.

a. What is the estimated numerical value of the binomial parameter for the

distribution that models this situation?

b. Set up a 95% confidence interval for the binomial parameter.

3.3.8. In a random sample of 200 apples from an orchard that had not been sprayed with

insecticide, 162 apples bear evidence of insect damage.

a. What is the best estimate of the proportion of damaged fruit in the orchard?

b. In what range would you say the “true” proportion lies if you want to have only a

1-in-100 chance of being wrong?

3.3.9. In a random sample of 500 voters from a northern county in West Virginia,

265 of the voters indicate that they will vote for the Democratic candidate for

governor.

a. Set a 99% confidence interval for the proportion of voters in the county who will

vote for the Democratic candidate.

b. The Republican candidate claims that he will win the county by 1% of the votes.

i. State a null hypothesis for his claim.

ii. Does the confidence interval in part a lead to acceptance or rejection of this

null hypothesis? Why?

iii. With what a level was the hypothesis tested?

3.3.10. Francis Galton thought everything could be measured and tried to measure

everything. He was interested in hot-air ballooning and routinely measured

barometric pressure along with the direction and velocity of the wind. As a result,

his first major scientific contribution was in meteorology. In his measurements, he

noted that the flow of air around a high-pressure area was not counterclockwise

as it is around one of low pressure. Because he found it always to be

clockwise instead, Galton called the phenomenon an “anticyclone,” the term still in

use. His conclusion was based on the fact that the number of times there was

counterclockwise flow around the n high pressure areas measured by him
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was y ¼ 0. Had confidence intervals been available when he drew his

conclusion:

a. Why should he use a two-side interval when all recorded flows were clockwise?

b. Give the CI0.95 if his number of observations had been n ¼ 20, 25, 50, 100 and p is

the proportion of counterclockwise flows in high pressure areas.

c. Instead of using a confidence interval, why is it not possible to test either of the

following hypotheses?

i. H0: p ¼ 0 with Ha: p . 0?

ii. H0: p . 0 with Ha: p ¼ 0?

3.4. NONPARAMETRIC STATISTICS: MEDIAN TEST

By changing the scale of measurement, we can also use the binomial distribution to analyze

data originally recorded on the numerical scale. This is known as a nonparametric statistical

procedure because inference is made, not about the parameter (or parameters) of the original

data, but about the parameter for the new scale of measurement. Disadvantages can result

from reducing the scale of measurement, but nonparametric tests are often quick, convenient,

and useful statistical tools which need to be examined.

The one-sample median test is a nonparametric test in which numerical data are reduced to the

nominal scale and analyzed bymeans of the binomial distribution. Themedian (M) of a distribution

is the value which will divide the distribution into halves. Thus the probability is 1/2 that the

median will be exceeded by a random variable u from the distribution, that is, P(u .M) ¼ 1/2.
If a random sample of n observations is drawn from a numerical distribution with a known

median and we record only y equal to the number of values in the sample which exceed the

median, y is a binomial random variable with a b(y;n,1/2) distribution. If the median is not

known, we can state a hypothesized value and then use the binomial distribution to test

whether approximately half the sample values are greater than the hypothesized median. The

procedure will be demonstrated in the following example.

Example 3.4. The One-Sample Median Test

An oncologist has been studying cervical cancer and has learned that this disease is diagnosed

at a median age of 49.5 years (M ¼ 49.5). He begins a new study of uterine cancer and soon

speculates that this is a disease of older women. To test this belief, he hypothesizes that the

median age for victims of uterine cancer is the same as that for those with cervical cancer, and

the alternative hypothesis is that uterine cancer victims are older:

H0: P(u . 49:5) ¼ p ¼ 0:50

Ha: p . 0:50

He then obtains a random sample of 20 women with uterine cancer and finds that y ¼ 17 were

older than 49.5 years when their condition was diagnosed. This is in the region of rejection for

a test with the conventional a ¼ 0.05, so he rejects the null hypothesis and concludes that the

median age at diagnosis for victims of uterine cancer is greater than it is for those with cervical

cancer. In other words, the kind of cancer a woman may have will depend, in part, on her age.
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EXERCISES

3.4.1. In a certain large suburban housing development, all the houses were built at

approximately the same time, with the same size and initial cost of construction. The

median resale price of houses in the development has been established, but a real-estate

agent wants to determine if multiple ownership affects the resale price of a house. From

records at the county courthouse, she obtains a sample of the resale prices of 25 houses

which have had more than one owner. In the sample, 15 were sold below the median

price for houses in the area and 10 were sold above the median price.

a. Give the null and alternative hypotheses.

b. What is the value of P?

c. What conclusion should the agent make about the effect of multiple ownership on

the resale value of a house in the area?

d. What factors could affect the validity of the conclusion?

3.4.2. The National Center for Health Statistics has recently reported that the median life

expectancy of U.S. white males is 74 years (rounded to an integer value). A physician

in the U.S. protectorate of Guam want to see if the same life expectancy holds true for

U.S. white males on that island. He obtains a random sample of 20 recent death

certificates of U.S. white males, and the ages u of the deceased were

18 59 42 61 38 41 71 40 14 47

73 93 55 51 74 88 60 71 89 63

a. What hypothesis does the physician want to test?

b. Why might he want to use a two-sided alternative?

c. If the null hypothesis is true, what is the expected number of ages greater than

M ¼ 74? What is the observed number of ages greater than 74?

d. Compute the P value and compare it to an a of 0.05.

3.4.3. An airline is experiencing a median delay in arrival of 27 minutes and introduces new

measures in an effort to make improvements. After the measures have been in effect for

a month, a random sample will be taken of arrival times and the median test used to

evaluate the effectiveness of the changes.

a. Give the null and alternative hypotheses which will be used.

b. For an a as near 0.05 as possible, what will be the region of rejection if the number

of flights in the random sample is n ¼ 25? n ¼ 50? n ¼ 100?

REVIEW EXERCISES

Decide whether each of the following statements is true or false. If the statement is false,

explain why.

3.1. In a binomial experiment, the outcomes fall into two mutually exclusive classes.

3.2. In a binomial experiment with n trials, y can take on any of n values.

3.3. Binomial distributions are not symmetrical, except when p ¼ 1 2 p.
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3.4. Because the binomial is a discrete distribution, the expected value will be an integer

value.

3.5. If the binomial parameter p is 0.60, the probability of exactly 60 successes out of 120

trials is greater than the probability of 72 successes out of 120 trials.

3.6. If A and B are mutually exclusive events, then P(A or B) ¼ P(A) � P(B).

3.7. The variance for discrete distributions can be computed by using the formula

V(y) ¼ np (1 2 p).

3.8. The addition rule of probability applies only to mutually exclusive events.

3.9. The binomial distribution is an example of a continuous probability distribution.

3.10. To calculate the probabilities in a binomial distribution, the number of trials n and the

binomial parameter p must be known.

3.11. The null hypothesis may be H0: p ¼ 0.05 and y/n ¼ 0.05, but the null hypothesis may

still be false.

3.12. A Type I error is defined as “the probability of rejecting the null hypothesis when it is

true.”

3.13. When the null hypothesis is true, the probability of making a Type I error is equal to a.

3.14. It is impossible to make a Type I error when the null hypothesis is false.

3.15. The symbol b represents the probability of rejecting H0 when H0 is false.

3.16. The power of a test of hypothesis is 1 2 a.

3.17. It is impossible to make a Type II error when the null hypothesis is rejected.

3.18. If large sample sizes are used, there is less likelihood of a Type I error and a Type II

error.

3.19. If an experiment is well designed and both a and b are small, it should be a good

experiment.

3.20. Even when a correct statistical procedure is used, it is possible to accept the null

hypothesis when it is false.

3.21. The greater the region of rejection, the more powerful the experiment.

3.22. The probability P(y is in region of rejection) ¼ a whether the null hypothesis is true or

false.

3.23. The best point estimate p̂p ¼ y=n of the parameter p will lie exactly in the middle of the

95% confidence interval for p.

3.24. If the degree of certainty is increased from 0.95 to 0.99, the confidence interval becomes

narrower.

3.25. Two methods of estimation are confidence intervals and tests of hypotheses.

3.26. Confidence intervals that are based on large samples are more likely to include the

population parameter than those based on smaller samples.

3.27. Other things remaining the same, the larger the value of p̂p , the wider the confidence

interval.

3.28. Other things being equal, the greater the level of confidence desired, the wider will be

the confidence interval.

3.29. Repeated samples of the same size from the same population will always produce 99%

confidence intervals of the same width on the binomial parameter p.

3.30. If the confidence interval does not contain some hypothesized value p0 of the binomial

parameter, the hypothesis can be rejected.
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