
2 Populations, Samples, and
Probability Distributions

In Chapter 1 we showed that statistics often plays a role in the scientific method; it is used to

make inference about some characteristic of a population that is of interest. In this chapter we

define some terms that are needed to explain more formally how inference is carried out in

various situations.

2.1. POPULATIONS AND SAMPLES

We use the term population rather broadly in research. A population is commonly understood

to be a natural, geographical, or political collection of people, animals, plants, or objects.

Some statisticians use the word in the more restricted sense of the set of measurements of

some attribute of such a collection; thus they might speak of “the population of heights of

male college students.” Or they might use the word to designate a set of categories of some

attribute of a collection, for example, “the population of religious affiliations of U.S.

government employees.”

In statistical discussions, we often refer to the physical collection of interest as well as to

the collection of measurements or categories derived from the physical collection. In order to

clarify which type of collection is being discussed, in this book we use the term population as

it is used by the research scientist: The population is the physical collection. The derived set of

measurements or categories is called the set of values of the variable of interest. Thus, in the

first example above, we speak of “the set of all values of the variable height for the population

of male college students.”

This distinction may seem overly precise, but it is important because in a given research

situation more than one variable may be of interest in relation to the population under

consideration. For example, an economist might wish to learn about the economic condition

of Appalachian farmers. He first defines the population. Involved in this is specifying the

geographical area “Appalachia” and deciding whether a “farmer” is the person who owns land

suitable for farming, the person who works on it, or the person who makes managerial

decisions about how the land is to be used. The economist’s decision depends on the group in

which he is interested. After he has specified the population, he must decide on the variable or

variables, that characteristic or set of characteristics of these people, that will give him

information about their economic condition. These characteristics might be money in savings

accounts, indebtedness in mortgages or farm loans, income derived from the sale of livestock,

or any of a number of other economic variables. The choice of variables will depend on the

objectives of his study, the specific questions he is trying to answer. The problem of choosing

Statistics for Research, Third Edition, Edited by Shirley Dowdy, Stanley Weardon, and Daniel Chilko.
ISBN 0-471-26735-X # 2004 John Wiley & Sons, Inc.

25



characteristics that pertain to an issue is not trivial and requires a great deal of insight and

experience in the relevant field.

Once the population and the related variable or variables are specified, we must be careful

to restrict our conclusions to this population and these variables. For example, if the above

study reveals that Appalachian farm managers are heavily in debt, it cannot be inferred that

owners of Kansas wheat farms are carrying heavy mortgages. Nor if Appalachian farm

workers are underpaid can it be inferred that they are suffering from malnutrition, poor health,

or any other condition that was not directly measured in the study.

After we have defined the population and the appropriate variable, we usually find it

impractical, if not impossible, to observe all the values of the variable. For example, all the values

of the variable miles per gallon in city driving for this year’s model of a certain type of car could

not be obtained since some of the cars probably are yet to be produced. Even if they did exist, the

task of obtaining ameasurement from each car is not feasible. In another example, the values of the

variable condition of all packaged bandages (sterile or contaminated) produced on a particular

day by a certain firm could be obtained, but this is not desirable since the bandages would bemade

useless in the process of testing. Instead, we consider a sample (a portion of the population), obtain

measurements or observations from this sample (the sample data), and then use statistics to make

an inference about the entire set of values. To carry out this inference, the sample must be random.

We discussed the need for randomness in Chapter 1; in the next section we outline the mechanics.

EXERCISES

2.1.1. In each of the following examples identify the population, the sample, and the research

variable.

a. To determine the total amount of error in all students’ bills, a large university

selects 150 accounts for a special check of accuracy.

b. A wildlife biologist collects information on the sex of the 28 surviving California

condors.

c. An organic chemist repeats the synthesis of a certain compound 5 times using the

same procedure and each time determines the percentage of yield.

d. The Census Bureau distributes a special questionnaire to 1 out of every 20

households in the census and among other questions inquires about the number of

rooms in the dwelling.

e. A manufacturer examines the records of each of its employees to determine how

long each one has worked for the company.

2.1.2. Identify 3 different research variables that might be investigated for each of the

following populations.

a. All adults living in Colorado

b. All patients of a certain opthalmologist

c. All farms in Oklahoma

d. All veterans’ hospitals

2.1.3. For two years Francis Galton explored unmapped areas of South Africa. Thereafter, he

tried to explore unmapped areas of science. In both Africa and science, however, he

made some wrong turns. One of them was in the sampling procedure he used in his

study of the inheritance of genius. To simplify his study, he evaluated the number and
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quality of academic, artistic, musical, and other worthy “abilities” a notable person

displayed in his life, and the variable of interest was the man’s score on the scale

Galton used (see Exercise 2.3.5). He would then examine the life of that man’s father

and score his abilities in the same fashion. After gathering data on a number of son-

and-father pairs, he wanted to see if sons with high scores had fathers with high scores.

a. To obtain data, Galton used information from obituaries.

i. What is the target population, the population about which Galton wanted to

make inference?

ii. Tell why his data selection process meets the definition of a sample. Since it is a

sample, why is it of questionable use for making reliable inference?

iii. Give some ways in which his process could lead to biased results.

b. How would you have sampled the target population and what variable of interest

would you have used?

2.2. RANDOM SAMPLING

Most statistics departments have entire courses in which different sampling techniques and

their efficiencies are studied; only a brief description of sampling can be given here. If we

have a population of N items from which a sample of n is to be drawn and we choose the

n items in such a way that every combination of n items has an equally likely chance of being

chosen, then this is called a simple random sample.

In an attempt to ensure that all combinations are equally likely, we often use a lottery or other

gambling technique in drawing a sample. Thus, if we have 5 pairs of human twins in whomwewish

to compare 2methods of teaching speed reading,wemay toss a coin to decidewhich twin is assigned

to a particularmethod.Or a physiologistmay have 35 frogs andwant a sample of 10 for use in testing

an antispasmodic drug. In one technique, he paints with vegetable dye the numerals 1 through 35 on

the backs of the frogs and numbers 35 index cardswith the same numerals. He then shuffles the cards

and draws 10 cards. The 10 numbers determine which frogs will be in the treatment group.

Suchmethods are only as reliable as the gambling or lottery device used. A notably poor method

was used in the 1970military draft, when youngmenwere being called to fight in the VietnamWar.

Each date of the year was placed in a capsule, but the capsules were separated by month to ensure

that every day of every month was included. The first month’s capsules were checked and placed

in a container. The second month’s capsules were checked and added to the container, and both

groupsweremixed together. Then the thirdmonthwas checked, added, andmixed. This processwas

repeated for each of the succeeding months. Thus January was mixed 11 times, February 10 times,

March 9 times, and so on. Finally, the capsules were poured into a different container and the lottery

began. Young men of draft age were to be called into service in the order in which their birth dates

were drawn. However, later analysis of the order indicated that those born in certain months were

much more likely to be drafted than those born in other months. The Selective Service System was

criticized and was unable to defend the randomness of its procedure. In 1971 the procedure was

modified; itmade use of two containers, one holding a capsule for every date of the year and the other

the numbers from1 to 365. Two capsuleswere picked at each draw, one fromeach container, and the

number drawn indicated the order of call-up for the date drawn. This order was acceptably random.

Instead of a gambling device, the use of random numbers is usually advisable. If we have

access to a computer, it probably has a random-number generator. From this, we can obtain a

random listing of n of the available N numbered items. Some hand-held calculators produce

random numbers. If a computer or a random-number generator is not available, many tables of
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random numbers are in existence. Table A.1 in the Appendix of Useful Tables at the back of

this book is an example of a small table of random numbers. There are various ways to use a

table of random numbers; the example that follows illustrates one method.

Example 2.1. Using a Table of Random Numbers to Choose a Simple Random Sample

The physiologist who wants a random sample of 10 of his 35 frogs might use Table A.1 in the

following fashion:

1. He begins anywhere in the table, for example, at row 39 and column 14 (columns are

composed of single digits, the 5-digit groups are to aid in reading the table). He can read

the table in any direction, and he chooses to read it horizontally.

2. He reads the table as pairs of digits because the largest number for a frog (35) requires a

2-digit number. To save time, he may want to use not only 01 through 35 but also 36

through 70. To use this latter group, he subtracts 35 from each of its members, and the

difference indicates the number of the frog to be included in the sample. He does not

use values between 71 and 00 (100) because this group does not have 35 members. If he

used them similarly to 36 through 70, there would then be three ways in which frogs

1 through 30 could be in the sample but only two ways that frogs 31 through 35 could be

included, and the probability of selecting 1 through 30 would be higher than the

probability of selecting 31 through 35.

3. The pairs of digits as he finds them in Table A.1 are as follows, with parentheses around

the pairs that cannot be used:

04, (85), 50, 62, 67, (62), 24, (84), 14, (72), 26, 34, (74), 69, 03, 02

The frogs to be included in the sample are

04, 50� 35 ¼ 15, 62� 35 ¼ 27, 67� 35 ¼ 32, 24

14, 26, 34, (69� 35 ¼ 34), 03, 02

If only one random sample is going to be used in a study, the investigator can begin reading

the random-number table at any place. However, if several random samples are to be used in

the same study, it is important that different parts of the table are used so that the same set of

random numbers is not used more than once. One way to accomplish this is to mark the table

at the end of the first random sample, then begin at that point when the second sample is

selected, and so on, for all the necessary samples.

Table A.1 in the Appendix is suitable for most small or moderate-sized samples. Should a

very large sample be required, however, one would need a list of random digits generated by a

computer program or would need to refer to a published listing such as A Million Random

Digits with 100,000 Normal Deviates by the Rand Corporation.

Sometimes it is not possible to sample from the entire population of interest because part of

the population is not available for sampling. A geologist may be interested in the heavy minerals

in a certain layer of sandstone in a sequence of shale but the layer of sandstone is only available at

a few exposed ledges. The rest is buried and hidden from view. Similarly, a sociologist may be

interested in a characteristic of all of the families in a certain city but the only feasible list of

families for sampling purposes is a current commercially published city directory. Some families
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have moved into the city since the directory was compiled, and some have left. Using the

directory makes it impossible to include any of the new families in the sampling process. In

situations such as these, the researcher often modifies the description of the population so that it

coincides with the population available for sampling. Statistical inference from the sample is

made only to the available population, then a judgment is made from within the specialized area

whether or not the conclusion can be applied to the entire population of interest.

There are other methods of sampling besides simple random sampling. One is stratified

random sampling. This consists in dividing the population into groups, or strata, and then taking

a simple random sample from each stratum. This is done to improve the accuracy of estimates,

to reduce cost, or to make it possible to compare strata. The sampling is often proportional so

that the sizes of the samples from the strata are proportional to the sizes of the strata.

In this book, unless specified otherwise, all random samples are simple random samples. If a

sampling design other than simple random sampling is employed, then adjustments of the

techniques we describe are usually necessary. For more information about such adjustments, one

should consult a text on sampling such as those listed in SelectedReadings at the end of this chapter.

EXERCISES

2.2.1. Use Table A.1 to find the following.

a. Select 3 of 8 items if the starting point is row 35 and column 20 and you read

vertically.

b. Give the first 2 random digits if the starting point is row 38 and column 30 and you

read vertically.

c. Five of 45 items are to be selected at random. What are they if the starting point is

row 13, column 42, and you read vertically?

d. Select 4 of 25 items when the starting point is row 2, column 15, and you read

horizontally.

2.2.2. Use Table A.1 to pick a random sample of 15 people out of a group of 100 beginning at

row 41, column 31, and reading horizontally.

2.2.3. Use Table A.1 to pick a random sample of 5 mice out of a collection of 25 mice

beginning at row 1, column 1, and reading vertically.

2.2.4.

2.2.4. Heights (in Inches) of 50 Male Students

Student Number
(Units)

(Tens) 00 01 02 03 04 05 06 07 08 09

00 64 65 65 66 66 67 67 67 68

10 68 68 69 69 69 69 69 69 69 69

20 70 70 70 70 70 70 70 70 70 70

30 71 71 71 71 71 71 71 72 72 72

40 72 72 72 72 73 73 73 74 74 74

50 75

a. The accompanying table represents the values of the variable height for a

population of 50 male students. Use the table of random digits to draw a random

sample of 10 men from this population and record the corresponding sample data.
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b. Compute the arithmetic average of your sample data and compare it to 70, which is

the mean of the variable height for the entire population.

2.2.5. Body mass index (BMI) takes into account both the height and weight of individuals,

so large numbers represent those who are heavy for their height. It is a useful measure

for orthopedists when treating patients with pain in a weight-bearing joint such as the

knee. Suppose an orthopedist has been treating 40 patients with such severe knee pain

that all have agreed to submit to a form of experimental surgery, but prudence dictates

that the surgery be performed only on n ¼ 10, and in case of duplicates a computer-

generated random sample of 15 numbers between 1 and 40 is obtained. The random

digits are

8 39 16 11 37 39 22 22 2 3 33 21 35 3 39

The number of the 40 patients, their genders, and BMI values in a comma-delimited

format are

1,F,46 2,M,18 3,F,22 4,M,28 5,M,39

6,M,41 7,F,25 8,F,29 9,F,43 10,F,18

11,F,29 12,M,48 13,F,23 14,F,14 15,F,25

16,F,19 17,M,18 18,M,20 19,F,28 20,F,46

21,M,33 22,F,38 23,F,29 24,M,32 25,M,12

26,F,26 27,M,34 28,M,18 29,F,19 30,F,31

31,F,42 32,M,40 33,F,40 34,F,27 35,F,45

36,M,49 37,F,19 38,F,26 39,M,10 40,F,20

a. Use the computer-generated set of random digits to select the numbers of the 10

patients to receive the experimental surgery.

b. To evaluate the representativeness of the sample:

i. Compute the percentage of females and compare that to fact that 25 of the

original 40 are females.

ii. Compute the sample BMI average and compare it to the mean of 28.875 for all

40 patients.

c. Tell why you think the 10 chosen for surgery are (or are not) representative of the

original 40?

2.3. LEVELS OF MEASUREMENT

When we make observations about a sample from some population of interest, we are

collecting the sample data. These data may consist of lists of measurements, tallies of

particular categories, answers to questions, and so on. The attribute we are observing will take

on different values, or will vary, from observation to observation, so we have been calling

these attributes variables. Thus, collecting sample data consists in recording the various

values the variables assume for each member of the sample. We call this process

measurement.
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We often have a choice of levels when we are measuring. For example, a proctologist

collecting data on cancer of the colon could record information about polyps in patients using

different levels of measurement. She might simply record that polyps are present or not

present in the colon of a patient—a rough categorization involving a low level of

measurement. She might choose a higher level of measurement and rank her patients from the

one with the most polyps to the patient with the fewest. Another approach would be to record

the actual number of polyps, a higher level of measurement than ranks. There is an even

higher level of measurement; she could determine the percentage of the area of the colon

which is affected by polyps; this would locate the degree of invasion on a continuous scale.

A different level of measurement is used in each of these cases. These levels are called the

nominal scale, the ordinal scale, the discrete numerical scale, and the continuous numerical

scale, respectively.

Levels of Measurement Example

Numerical scales

Continuous Percentage of invasion

Discrete Number of polyps

Ordinal scale Rank among patients

Nominal scale Present/not present

We are using the nominal scale when we put observations into categories that have no

natural numerical relationship to each other. Examples are sex, occupation, color of eyes, and

state of residence. When choosing categories for a nominal scale, it is necessary that there be a

class for each observation and that no observation belong to more than one class.

The ordinal scale is a higher level of measurement than the nominal scale. We are using

the ordinal scale if we rank the observations. For example, we could rank the pelts of 10 foxes

from the lightest color to the darkest. When the ordinal scale is used, the ranks give some

numerical information about the categories, but the underlying classification need not be

numerical, as in this case of the color of the pelts. If the underlying categories are numerical,

the difference between any two consecutive ranks need not be constant. For example, if we

rank the weights of 5 research animals, the difference between the first and second weight

might be 3 ounces, while the difference between the second and third weight might be only

1 ounce. In this example there is more precise underlying information, but we choose not to

record it. If the only information available is on the ordinal scale, then it is not possible to

specify the underlying difference between any two ranks.

We are using the discrete numerical scale when the observations are naturally numerical,

the scale is uniform, and there is a built-in limit to how precisely the measurements can be

taken. If data are on a discrete numerical scale, there are only a finite number of values

possible, or possibly a countable infinity—as many as the counting numbers.† Examples are

the number of offspring in a litter, the number of rooms in a house, the number of quarts of

milk ordered by a supermarket (the count here could be in 1/4 quarts, but no more precise

measurement is usually possible), the values of various coins, shoe sizes (for a fixed width),

and the number of wells drilled until oil is found.

The continuous numerical scale is the highest level of measurement. A variable is

continuous when its values are “measurements” in the common meaning of that term; that is,

†The nominal and ordinal scales are also discrete.
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the scale is uniform and observations are as precise as we choose. Continuous variables

theoretically can assume as many values as there are real numbers. In practice, we measure in

whole numbers or to a few decimal places so the data are collected on the discrete numerical

scale, but theoretically there is a more precise underlying scale of measurement. Examples are

weight, blood pressure, age, length, and temperature.

If we have collected data using either numerical scale, it is possible to decrease the level of

measurement to the ordinal scale. For example, if the measurements are the heights in inches

of 5 men, these measurements can be reduced to ranks. The scale could even be reduced to a

nominal scale by classifying the men as tall or short.

Although we can reduce the scale from a higher to a lower level of measurement, it is

impossible for us to move the other way. If it is known that a certain number of men are tall

and another number short, there is no way of determining how many men are 69 in. tall. It is

important to be aware of this during the planning of an experiment. We must be sure to make

our observations at a level high enough to give us pertinent information. If data are collected

at too low a level of measurement, it is impossible to recover more precise information. On the

other hand, no one should go to extreme efforts to obtain a very fine measurement if this

information is not necessary or if it is distracting. For example, it is sufficient to know that an

insecticide kills termites within a 24-hour period. There is no advantage to knowing whether it

attains 100%mortality in 17 hours, 13 minutes, 49 seconds compared with another insecticide

that attains 100% mortality in 18 hours, 31 minutes, 11 seconds.

Knowledge of the different levels of measurement not only enables us to make decisions

about the desired level of precision but also helps us to choose the statistical procedures

appropriate for analyzing the data. One set of procedures applies only to the nominal scale,

another set to the ordinal scale, and still others are applicable to the discrete or continuous

numerical scale. Unless we can recognize the level of measurement being used, we will be

unable to choose an appropriate analysis. Chapters 3 through 5 deal mainly with procedures

for data collected on the nominal scale or reduced to the nominal scale after collection. The

remaining chapters deal with numerical data; however, at various points where appropriate,

procedures are also provided for data which were collected on the ordinal scale or reduced to

it. These alternative procedures will be identified as nonparametric statistics, with the term

defined in Section 3.4. For more extensive coverage of such procedures, the reader is referred

to one of the texts on nonparametric statistics in the Selected Readings, namely Conover

(1998), Daniel (1990), or Hollander and Wolfe (1999).

EXERCISES

2.3.1. Which is the highest level of measurement possible for each of the following variables?

a. Daily high temperature for a given year in Chicago

b. Marital status of the applicants for a particular job

c. Class standings at a university (freshman, sophomore, etc.)

d. Colors of roses

e. Weights of all American-made cars

f. Number in attendance per day at a particular high school

g. Birthdays of people in a certain group

2.3.2. Which of the following sets of categories are suitable for a nominal scale when

classifying persons? (There must be a unique category for each observation.)
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a. Female, only child, under 66 in. tall

b. Only child, has only brothers, has only sisters, has both brothers and sisters

c. Less than three children in a family, more than three children in a family

d. Left handed, right handed

e. Blue eyed, female, blond

2.3.3. Correct each of the unsuitable sets in Exercise 2.3.2.

2.3.4. In Exercise 2.2.4:

a. The level of measurement used to record height for this population is the numerical

scale. Is it discrete or continuous?

b. Could a higher level of measurement have been employed to record the data?

c. Could height have been measured more accurately?

2.3.5. Sir Francis Galton believed that manual skills are among the many abilities that are

inherited. Hence, even the young children of skilled laborers should show greater

manual dexterity than those of unskilled laborers. For evidence, suppose he watched 20

children of the age of 3 at play with toys requiring some manual ability. Ten of the

children are children of skilled laborers and the other 10 of unskilled laborers, but at the

time of measurement, he would not know to which group a child belongs. When

making subjective measures, Galton used the scale

x g f e d c b a A B C D E F G X

in which a lower-case x is the lowest possible measurement and an upper-case X the

highest. Assume this is used to measure the abilities of the 20 children and the

following data were obtained:

Father Children’s Scores

Skilled e b a B C D F G G X

Unskilled x g f d d c A B E F

a. What is the scale of measurement? Explain.

b. Galton would see evidence that the children of skilled laborers have greater

dexterity. Explain why.

c. How would you summarize the data, graphically or numerically, to support the idea

of greater ability for the group with skilled-laborer fathers?

2.4. RANDOM VARIABLES AND PROBABILITY DISTRIBUTIONS

In Example 1.7, a test of hypothesis is carried out to determine if there is a preference for type

A baby cereal over type B. The sample is a randomly chosen group of 4 mothers and the

variable is recorded on the nominal scale (A or B). The test of hypothesis amounts to

comparing the empirical results of sampling and recording outcomes in the real world with a

theoreticalmodel of what happens if the null hypothesis is true. The theoretical model is called

a probability distribution. In this section we discuss the nature of probability distributions and

how they act as models for studies that involve random sampling.
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To develop the theoretical model for the test in Example 1.7 the possible outcomes of the

study are associated with numbers, the number of mothers out of the 4 in the sample who

prefer cereal A. The outcomes of this study are associated with 0, 1, 2, 3, or 4 (Figure 2.1).

Numbers of this type, that is, those that are associated with the possible outcomes of an

experiment or survey, are called the values of the random variable y. The random variable is

the process of association. The random variable in this example is a discrete random variable

because it has a countable number of values: 0, 1, 2, 3, 4.

To build the model, we assume that the null hypothesis is true and we determine the

probability of each of the values of the random variable. Since the null hypothesis in this

example is that the mothers have no preference between A and B (i.e., a randomly chosen

mother will prefer A with probability 1/2 and B with probability 1/2), the 16 outcomes in

Figure 2.1 are equally likely. The value of the random variable is 0 if no mothers prefer A; thus

the probability of 0 is 1/16 since there is only 1 outcome of this type (BBBB) among the 16

equally likely outcomes. We write p(0) ¼ 1/16 to indicate that the probability that the value

of the random variable will be 0 is 1/16.
To find P(y ¼ 1) ¼ p(1), we note that there are four cases in which exactly 1 mother out of

4 prefers A; thus p(1) ¼ 4/16. As we saw in Chapter 1, the general rule for calculating the

probability of an event when all outcomes are equally likely is

probability of success ¼ number of successful outcomes

total number of outcomes

FIGURE 2.1. Associating numbers with nominal data.
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In more general terms we can say:

probability of an event ¼ number of outcomes giving the event

total number of outcomes

All of the probabilities are summarized in the table of Figure 2.2a and in the graph of

Figure 2.2b.

The values of a discrete random variable y together with their associated probabilities are

called a probability distribution, and p(y) is called the probability function. In order for p(y) to

be a probability function, two conditions are necessary:

1. 0 � p(y) � 1 for all values of y.

2.
X
y

p(y) ¼ 1, that is, the sum of p(y) over all values of y is 1.

Note that in the baby cereal example these two conditions are satisfied.

There are many functions that satisfy these two conditions. In Table 2.1, examples A

through D represent discrete probability distributions. In example D the random variable has a

countable infinity of values, and p(y) can be given by the formula p(y) ¼ (1/2)y. In many

cases it is possible to represent the probability function by a formula.

It is not difficult to find functions with the two properties required for a probability

function. However, a probability distribution will only be of value statistically if it

represents—models—a real-life situation. Some examples of probability distributions used as

models occur in Exercises 1.2.4 through 1.2.6. The method for determining the probabilities in

these examples is explained in Chapter 3. An example of a test of hypothesis that uses a

different type of discrete probability distribution follows.

Example 2.2. Testing a Hypothesis Using a Discrete Probability Distribution

A new salesperson for a company is told that the probability of making a sale on a single call is

1/4. The salesperson calls on 7 people and makes no sales. Finally, on the eighth attempt, a

FIGURE 2.2. A discrete probability distribution. (a) Tabular form. (b) Graph.
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sale is completed. The salesperson wonders if there is any evidence (at the 0.05 level of

significance) that the probability of 1/4 for a sale is too high.

The null hypothesis is H0: u ¼ 1/4; that is, the probability of a sale is 1/4 on a single

attempt.† The alternative is Ha: u , 1/4 because the salesperson is looking for evidence that

the figure is too high.

If the probability of a sale is 1/4, then the probability of no sale on a single trial is 3/4.
Using these values, the probability model can be found. The probability of a sale on the first

call is

p(1) ¼ 1

4

and the probability that the first sale occurs on the second call is

p(2) ¼ 3

4

� �
1

4

� �
¼ 3

16

since there is no sale on the first call and there is a sale on the second call. The probabilities

are multiplied because the calls are assumed to be independent of each other; that is, we

assume the customers are randomly chosen and do not influence each other and the

salesperson behaves the same way on each call.

Similarly,

p(3) ¼ 3

4

� �
3

4

� �
1

4

� �
¼ 9

64

and

p(y) ¼ 3

4

� �y�1
1

4

� �

is the general formula for the probability that the first sale occurs on the yth call. This

probability distribution is known as a geometric distribution.

†The Greek letter u is read “theta”.

TABLE 2.1. Four Discrete Probability Distributions

A B C D

y p(y) y p(y) y p(y) y p(y)

0 1/4 5 1/5 0.5 0.125 1 1/2

1 1/2 6 1/5 1.0 0.125 2 1/4
2 1/4 7 1/5 1.5 0.125 3 1/8

8 1/5 2.0 0.625 4 1/16

9 1/5 5 1/32
..
. ..

.

N 1/2N
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The beginning of the geometric distribution that is the model of this study can be

summarized as follows:

y p(y)

1 1/4 ¼ 0.2500

2 3/16 ¼ 0.1875

3 9/65 ¼ 0.1406

4 27/256 ¼ 0.1055 0.8665

5 81/1,024 ¼ 0.0791

6 243/4,096 ¼ 0.0593

7 729/16,384 ¼ 0.0445

9>>>>>>>>=
>>>>>>>>;

8 2,187/65,536 ¼ 0.0334
..
. ..

.

If u , 1/4, a larger number of calls will be necessary before the first sale than if u ¼ 1/4.
Thus the P value associated with this study is

P ¼ P(8 or more calls needed for the first sale)

¼ 1� P(1 through 7 calls needed for the first sale)

¼ 1� 0:8665

¼ 0:1335

Since P ¼ 0:1335 . a ¼ 0:05, the null hypothesis is accepted. There is no statistically

significant evidence that the figure given to the salesperson is too high.

If the data are recorded on a continuous scale, the variable of interest corresponds to a

continuous random variable. In this type of model it is not possible to represent the related

probabilities by a table or a line graph; instead, a smooth curve is used to indicate the

continuous probability distribution that is the model for the study.

Example 2.3. A Continuous Probability Distribution

One of the major problems in coal mining is roof collapse. Any procedure which will increase

the probability of a roof collapse must be used with great caution. A mining engineer questions

whether the drilling of air shafts affects the stability of the roof. In one area of the mine, two air

shafts are located 360 ft apart along a straight tunnel (Figure 2.3). The engineer reasons that if

the roof’s stability is unaffected by the air shafts, then the amount of debris from the roof that

falls to the floor will be uniformly distributed between the shafts. If, however, the air shafts are

causing instability, larger amounts of roof debris will appear close to the air shafts.

A uniform distribution of debris can be modeled by the graph in Figure 2.4. The random

variable y is the location along the floor between the shafts, a number on a continuous scale

between 0 and 360. The curve is a horizontal line which indicates that the debris is uniformly

deposited on the floor. This line, f (y) ¼ 1/360, is called the probability density function of the

random variable y. The curve (the horizontal line) is placed at 1/360 on the vertical axis so that
the area of the rectangle under the line and between 0 and 360 is equal to 1. The proportion of

debris between location 90 and 180 is represented by the area between 90 and 180 and under the
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curve; the proportion, or probability, is 1/4. The probability of debris between 0 and 95 is given
by the area under the curve and to the left of 95. The probability is 95/360 ¼ 19/72 (Figure 2.5).

Notice that the density function, unlike a probability function for a discrete random

variable, does not indicate a probability directly; rather the density function is used to find an

area that corresponds to the probability. Because areas correspond to probabilities, the

probability of debris at a particular point, say y ¼ 95, is 0. This becomes clear by noticing that,

rather than a region, there is only a vertical line segment at 95 and that a line segment has no

area. It follows that P(y � 95) ¼ P(y , 95) in a continuous probability distribution, but this

is not true in a discrete distribution.

In many models for continuous random variables, the continuous probability distribution

is given by a curve that is neither a straight line nor a figure formed from straight lines. In these

cases, areas are difficult to determine and calculus must be used. Fortunately, tables

are available for most of the commonly encountered distributions, and thus even those who

are not familiar with calculus are able to use continuous probability distributions that are

represented by curves. The first distribution of this type is discussed in Chapter 5.

EXERCISES

2.4.1.

y: 2 4 6 8 10

p(y): 1/6 2/6 1/6 — 1/6

FIGURE 2.3. Cross section of mine tunnel.

FIGURE 2.4. Continuous uniform probability distribution.
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a. If the table above represents a probability distribution, what is the value of p(8)?

b. Graph the probability distribution.

c. Find P(y � 6), P(y , 6), p(y ¼ 6), and p(y � 6).

2.4.2. If p(y) ¼ 1/5 for y ¼ 1, 2, 3, 4, 5:

a. Show that this is a probability distribution.

b. Draw the graph.

c. Find P(y . 3), P(y ¼ 3), P(y � 3), and P(y , 3).

2.4.3. Given the continuous probability distribution in Figure 2.6, imagine that the

distribution represents the probability that a certain expert dart thrower will hit a 1-ft

target within a certain distance y from the center 0.

a. What is the total area within the triangle?

b. What is the area of the shaded portion of the distribution?

c. What is the probability that the dart will hit at a point that is from 6 in. to 1 ft from

the center of the target?

d. What is the area of the unshaded portion of the distribution?

e. What is the probability that the dart will hit at a point that is less than 6 in. from the

center of the target?

2.4.4. An oil company believes that the probability of striking oil on a single random drilling

in a certain field is 1/3. They drill and hit oil on the sixth attempt. Is there any evidence

that the probability of a strike is less than 1/3?

2.5. EXPECTED VALUE AND VARIANCE OF A PROBABILITY

DISTRIBUTION

Since probability distributions are the key to statistical inference, it is helpful to study some of

their characteristics. Two useful characteristics of a probability distribution are its expected

value and its variance. Expected value is a measure of the location of the distribution, while

variance is a measure of its spread.

To introduce the idea of expected value, let us consider a certain electronic game that involves

hitting a random target. To make the game sufficiently challenging to hand-eye coordination, it

has been programmed so that the position of the target, themoment that the target appears, and the

number of targets that appear during the period of play all vary. The number of targets to appear

can be 11, 12, 13, 14, 15, or 16. They occur randomly and with equal frequency over a large

FIGURE 2.5. Shaded area indicates P(0 � y � 95).
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number of periods of play. A player of the game is unable to predict the number of targets that will

appear during any one playing period, but the player can determine the expected number of

targets, that is, the average number per playing session if the game is played many times.

The number of targets can be modeled by a discrete uniform probability distribution in

which the values of the random variable y are 11, 12, 13, 14, 15, and 16 and the probability

function p(y) is 1/6 for each of the values because they occur with equal frequency.

y p(y)

11 1/6
12 1/6
13 1/6
14 1/6
15 1/6
16 1/6

The expected number of targets, E(y), per playing period is

E(y) ¼ 11þ 12þ 13þ 14þ 15þ 16

6
¼ 81

6
¼ 13:5

FIGURE 2.6. Continuous triangular probability distribution.
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that is, the arithmetic average of the 6 equally frequent numbers. If many games are played, on

the average 13.5 targets will appear per session. Note that the expected value need not be one

of the possible values of the random variable; 13.5 targets never appear in a playing session.

Another way to compute the expected value is to use the formula

E(y) ¼
X

yp(y)

that is, the expected value of y is the sum of the products of the values of y times their

corresponding probabilities. The following table illustrates how this formula is used:

y p(y) yp(y)

11 1/6 11/6
12 1/6 12/6
13 1/6 13/6
14 1/6 14/6
15 1/6 15/6
16 1/6 16/6

E(y) ¼ P
yp(y) ¼ 81/6 ¼ 13.5

A third column is computed from the probability distribution. This third column is obtained by

finding the product of the corresponding elements in the first two columns. The expected value

of y is the sum of the products in the third column. The advantage of this second approach is

that it can be used to find an expected value even if the probabilities are not all the same. The

following example illustrates this general type of problem.

Example 2.4. The Expected Value of a Discrete Probability Distribution

A teacher gives frequent short quizzes that consist of 2 multiple-choice questions. Each question

is followed by 4 answers, and only 1 is correct. Because these quizzes are so short, the teacher

wonders if they are useful for determining which students have learned the material. The teacher

decides to find out how many questions a student can be expected to answer correctly if the

student has no knowledge of the material and is choosing answers in a random fashion.

On a single question, the probability of a correct guess is 1/4 because each answer is

equally likely to be chosen and only 1 answer is correct. For 2 questions, the number of correct

responses y can be 0, 1, or 2, and the probability distribution, which is a model of the number

of correct responses under guessing, is

y p(y)

0 9/16
1 6/16
2 1/16

The probabilities in this distribution are obtained by computing p(0) ¼ P(two

incorrect) ¼ (3/4)(3/4) ¼ 9/16 and p(2) ¼ P(two correct) ¼ (1/4)(1/4) ¼ 1/16; then p(1)

must equal 6/16 so that the sum of the probabilities is equal to 1.
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If a large number of quizzes of this type are given, then the expected number of correct

answers per quiz is

E(y) ¼
X

yp(y)

In tabular form:

y p(y) yp(y)

0 9/16 0

1 6/16 6/16
2 1/16 2/16

E(y) ¼ P
yp(y) ¼ 8/16 ¼ 0.5

On the average, the student will guess correctly only 0.5 of an answer per quiz. Although it is

impossible to get 0.5 of an answer correct on a single quiz, the expected value is meaningful

for a large number of quizzes.

The teacher decides that the quizzes are useful for distinguishing those who are guessing

from those who have knowledge of the material. For example, if 40 such 2-question quizzes

are given, then the student who is guessing is expected to answer correctly about 20 out of the

80 questions asked. A student who answers many more correctly, for example, 60 out of the

80 questions, demonstrates some knowledge of the material.

The expected value can be thought of as the location, or center, of the probability

distribution. This seems reasonable if we visualize a uniform calibrated bar on which we place

weights (all of equal heaviness): nine at 0, six at 1, and one at 2 (Figure 2.7). The bar will

balance at 0.5, the expected value.

Another useful characteristic of a probability distribution is its variance. Variance is a

measure of the spread of a distribution relative to its expected value. In the electronic game

example, the random variable y had values 11, 12, 13, 14, 15, and 16 with equal frequency.

The deviations of these values from the expected value of 13.5 are

y y 2 E(y)

11 11 2 13.5 ¼ 22.5

12 12 2 13.5 ¼ 21.5

13 13 2 13.5 ¼ 20.5

14 14 2 13.5 ¼ 0.5

15 15 2 13.5 ¼ 1.5

16 16 2 13.5 ¼ 2.5

The deviations are shown graphically in Figure 2.8.

We might expect to measure spread by averaging these deviations. However, since the sum

of the deviations from the expected value is always 0, this is not a useful measure. To obtain a

meaningful average, we use the squares of the deviations. The variance of a probability

distribution is the average squared deviation from its expected value. Using the probabilities,
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the formula for the variance of y is

V(y) ¼
X

½y� E(y)�2p(y)

In tabular form (using fractions to avoid rounding error), the computations are

y p(y) y 2 E(y) [y 2 E(y)]2 [y 2 E(y)]2 p(y)

11 1/6 22.5 ¼ 25/2 25/4 25/24
12 1/6 21.5 ¼ 23/2 9/4 9/24
13 1/6 20.5 ¼ 21/2 1/4 1/24
14 1/6 0.5 ¼ 1/2 1/4 1/24
15 1/6 1.5 ¼ 3/2 9/4 9/24
16 1/6 2.5 ¼ 5/2 25/4 25/24

V(y) ¼ 70/24

This formula is used even if the probabilities are not all equal.

FIGURE 2.7. Expected value as the balancing point.

FIGURE 2.8. Deviations from the expected value.
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Variance measures the spread of a distribution. The larger the variance, the larger the

spread. If we take the positive square root of the variance, we obtain the standard deviation of

the random variable, sd(y). In this example

sd(y) ¼
ffiffiffiffiffiffiffiffiffiffi
V(y)

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
70=24

p
¼ 1:71

If we are told only the expected value and standard deviation of a probability distribution, we

know a surprising amount about the nature of the distribution. Values of the random variables

that are more than two or three standard deviations from the mean have very low probabilities

associated with them. For example, in the case of the electronic game

E(y) ¼ 13:50

sd(y) ¼ 1:71

and

2½sd(y)� ¼ 3:42

Two standard deviations below the expected value is

E(y)� 2½sd(y)� ¼ 13:50� 3:42 ¼ 10:08

and the probability of 10 or fewer targets in a single playing period is very low; in fact, it is

0. Two standard deviations above the expected value is

E(y)þ 2½sd(y)� ¼ 13:50þ 3:42 ¼ 16:92

and the probability of 17 or more targets is 0.

In practice, the computation of the variance from the formula

V(y) ¼
X

½y� E(y)�2p(y)

is sometimes tedious because of the subtractions and squaring. A mathematically equivalent

formula may be used:

V(y) ¼
X

y2p(y)� ½E(y)�2

We illustrate this formula for the probability distribution of the 2-question multiple-choice

quizzes.

Example 2.5. The Variance of a Probability Distribution

For the short quizzes, a fourth column y 2p(y) is computed and summed after the computation

of the expected value. The fourth column is obtained by multiplying the elements in the first

column by the corresponding elements in the third column:

y p(y) yp(y) y 2p(y)

0 9/16 0 0

1 6/16 6/16 6/16
2 1/16 2/16 4/16P

y 2 p(y) ¼ 10/16
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Then

V(y) ¼
X

y2p(y)� ½E(y)�2

¼ 10

16
� 1

2

� �2

¼ 6

16

Note that in this example

E(y) ¼ 0:5

sd(y) ¼
ffiffiffiffiffiffiffiffiffiffi
6=16

p
¼ 0:61

and 2 standard deviations below and above the expected value are

E(y)� 2 ½sd(y)� ¼ 0:5� 2(0:61) ¼ �0:72

E(y)þ 2 ½sd(y)� ¼ 0:5þ 2(0:61) ¼ 1:72

There is 0 probability that the value of the random variable is below 20.72 and 1/16
probability that the random variable will have a value above 1.72. Using only these facts, if

a student frequently answered both questions correctly, the teacher decides that the model

based on guessing does not fit this student and the student probably has knowledge of the

material.

The main use of the variance (or standard deviation) is for purposes of inference. This

application is developed more fully in later chapters. The discussion in this section is

restricted to discrete random variables. It is also possible to consider the expected value and

variance of a continuous random variable; in such cases, calculus is usually needed to find

the values.

Procedure. Expected Value and Variance of a Probability Distribution

Expected value: E(y) ¼ P
yp(y)

Variance: V(y) ¼ P ½y� E(y)�2p(y)
Standard deviation: sd(y) ¼ ffiffiffiffiffiffiffiffiffiffi

V(y)
p

EXERCISES

2.5.1. Find the mean and the variance of the probability distributions A to C in Table 2.1.

2.5.2. In Mendel’s experiments on pea plants, he found that the trait of being tall is dominant

over being short. His theory indicates that if pure-line tall and pure-line short plants are

cross-pollinated and then the hybrids in the next generation are cross-pollinated, in the

resulting population approximately 3/4 of the plants will appear tall and 1/4 will
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appear short. If 4 plants are chosen at random from such a population, the best model

for the number of tall plants in 4 is

y: 0 1 2 3 4

p(y): 1/256 12/256 54/256 108/256 81/256

a. Find the expected value of this probability distribution.

b. Find the variance of the probability distribution.

c. What is the probability that the value of the random variable will be more than 2

standard deviations below the expected value?

d. What is the probability that the value of the random variable will be more than 2

standard deviations above the expected value?

2.5.3. A gambling game is played in which there is a group of 100 cards with one $25 winning

card, two $10 winning cards, and three $5 winning cards. After paying a certain fee, a

player selects one card at random. If it is one of the winning cards, the player receives

the designated amount. If it is one of the other cards, the player wins nothing. The card

is returned to the deck, the cards shuffled, and they are ready for the next play.

a. Find the probability distribution for y, the number of dollars won (use the rule for

equally likely events).

b. If a large number of plays are purchased, what are the expected winnings per play,

or in statistical terms, what is the expected value of y?

c. Would it be reasonable to pay $1 to play this game?

d. Find the variance of this probability distribution.

e. What proportion of the time will the winnings be within two standard deviations of

the expected value?

2.5.4.

y: 1 2 3 4 5

p(y): 1/5 1/5 1/5 1/5 1/5

a. Find the expected value of y.

b. Find V(y).

c. Compare your answers with those found in Exercise 2.5.1 for Table 2.1, distribution

B. Explainwhy there is a difference in the expected values but the variances are the same.

2.5.5.

y: 1 2 3 4

p(y): 1/4 1/4 1/4 1/4

a. Find E(y).

b. Compare this result with that of Exercise 2.5.4; find a simple general formula for the

expected value of a discrete uniform distribution of successive integers from a to b.

46 POPULATIONS, SAMPLES, AND PROBABILITY DISTRIBUTIONS



REVIEW EXERCISES

Decide whether each of the following statements is true or false. If a statement is false,

explain why.

2.1. The objective of statistics is to make inference about a population based on information

contained in a sample from that population.

2.2. A single population may have several variables of interest to the investigator.

2.3. A lottery device may be an acceptable way to obtain a completely random sample.

2.4. When using a random-number table to select a sample, always begin at the beginning of

the table.

2.5. The choice of sampling design has no effect on the choice of the procedure used for

statistical analysis.

2.6. When choosing categories for the nominal scale, the only condition is that there is a

category for each piece of data.

2.7. Data on the numerical scale can be easily changed to the nominal scale.

2.8. The ordinal scale is sometimes used even though more precise numerical information is

available.

2.9. Data on an ordinal scale can be easily changed to the numerical scale.

2.10. Barometric pressure is usually recorded on the ordinal scale.

2.11. Yearly wages to the nearest dollar are recorded on the discrete numerical scale.

2.12. In a continuous probability distribution, the total area between the curve representing

the distribution and the horizontal axis is 1.

2.13. In a continuous probability distribution, the probability of any particular value is the

vertical distance at the value between the horizontal axis and the curve representing the

distribution.

2.14. In a discrete probability distribution, the length of a vertical line at a certain value can

be interpreted as the probability that such a value will result from random sampling.

2.15. If a population is infinite in size, the variable of interest is continuous.

2.16. Random variables always have numerical values.

2.17. The expected value of a probability distribution can be thought of as the center of

balance.

2.18. The variance of a probability distribution is a measure of location, and the expected

value indicates the spread.

2.19. If 2 probability distributions have equal variances, then their expected values are equal

also.

2.20. The variance of a probability distribution can be defined symbolically as E[y 2 E(y)]2.
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